Biset functors and genetic sections for p-groups

Serge Bouc

Abstract: In this note I show that if F' is a biset functor defined over finite p-groups, then for
each finite p-group P, there is a direct summand of F/(P) admitting a natural direct sum decomposition
indexed by the irreducible rational representations of P, or equivalently, by the equivalence classes of
origins in P, or also by equivalence classes of genetic sections of P. This leads to a description of
the torsion part of the group of relative syzygies in the Dade group of P, and to a conjecture on the
structure of the torsion part of the whole Dade group of P.
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1. Basic subgroups and origins

1.1. In Sections 1 to 3 of this paper I recall some notation and definitions which are
used in the statement of the main theorem (Theorem 3.2). Section 4 is devoted to some
properties of origins and genetic sections. Section 5 is the proof of Theorem 3.2, and
Section 6 is an application to the Dade group. In Section 7, I use the notion of rational
biset functor to give a description of the torsion part of the functor of relative syzygies
in the Dade group.

1.2.  Throughout this paper, the letter p denotes a fixed prime number. If P is a finite
p-group, denote by Rg(P) the Grothendieck group of finitely generated QP-modules.
There is a natural bilinear form on Rg(P), with values in Z, defined by

(V,W)p = dimg Homgp (V, W)

for QP-modules V and W.
Recall some definitions from [1] :

1.3. Definition : [[1] 2.3 |Let P be a finite p-group. A subgroup Q of P is called
basic if the following two conditions hold :

1. The quotient Np(Q)/Q is cyclic or generalized quaternion.

2. If R is any subgroup of P such that RN Np(Q) C Q, then |R| < |Q).
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1.4. Associated simple modules. If @) is a proper basic subgroup of P, then there
is a unique subgroup Q O Q of P with |Q : Q| = p, and the kernel of the projection
map }

QP/Q — QP/Q
is an irreducible QP-module, denoted by V(.

The group P itself is a basic subgroup of P, and by convention Vp is the trivial
QP-module Q. With this notation, any irreducible Q P-module is isomorphic to Vq, for
some basic subgroup @ of P.

If Q and Q" are basic subgroups of P, then the QP-modules Vo and Vg are iso-
morphic if and only if Q@ =p @', where =p is the relation defined in [1] 2.7 by

ol RI=1Q
Q=r@ @{ Wwe P, QUNNpQ)CQ

1.5. Notation and Definition : [[1] 2.4] If Q and R are subgroups of P, set
QR = {z € P|Q"AN(R)C R} Tp(Q,R) = Q\Ip(Q. R)/Np(R)

If V is a simple QP-module, and W is a finitely generated QP-module, denote by
m(V, W) the multiplicity of V as a direct summand of W.

If Q) is a basic subgroup of P, and R is any subgroup of P, then (see [1] 2.5)
_ Zp(R, Q)

m(Va: QP/R) =720 0]

In particular, if this is non-zero, then |R| < |Q].

1.6. Definition : [[1] 7.3] If Q is a basic subgroup of P, set

TQ = <IP(Q,Q)> SQ = N IQ
z€Tq
The basic subgroup Q of P is called an origin (in P) if Tg/Sq has normal p-rank 1, i.e.
if it is cyclic, generalized quaternion, semi-dihedral, or dihedral of order at least 16.

If V is a simple QP-module, there exists an origin ) in P such that V = Vg
(see [1] 7.5). Then @ is called an origin of V, and V is said to have type Tp/Sg. One
can show that the type of V' is well defined up to isomorphism (see [1] 7.5). If Tp/Sg is
cyclic or generalized quaternion, then Sg = @ and Tg = Np(Q) (see [1] 7.6). If Tg/Sq
is dihedral or semi-dihedral, then |Q : Sg| = 2 (see [1] 7.4).

If R is a finite p-group of normal p-rank 1, then there is a unique faithful irreducible
QR-module ®r, up to isomorphism (see [1] 3.7).

1.7. Definition : A pair (T,S) of subgroups of P with S<T is called a section of P.
Two sections (T, S) and (T',S") are said to be linked (notation (T,S) — (T",5")) if

TNS =SNT andT.S" = S.1T'
They are linked modulo P (notation (T,S) —p (T',5")) if there exists x € P such that
(1,8) — (*1",*5").
The section (T, S) is called genetic if T/S has normal p-rank 1, and if setting

V = Ind7Infr, s®r/s



there is a Q-algebra isomorphism

Ende(V) = EndQT/S((I)T/S)

In particular, it follows that Endgp (V) is a (skew) field, hence V is an irreducible
QP-module, called the irreducible QP-module associated to (T,.5). The pair (T,5) is
called an genetic section of P for V', or associated to V. If ) is an origin in P, then
(Tg, Sg) is an genetic section of P associated to Vg (see [1] 7.4).

The section (P, P) of P is called the trivial genetic section of P. It is the unique
genetic section (7', S) of P for which T = S : indeed ®; = Q, and Ind%Infl ®; = QP/T
is simple if and only if T'= P, since Q is always a direct summand of QP/T.

If (T,5) and (17,5’) are genetic sections of P, and if V' and V' are the associated
simple QP-modules, then V = V' if and only if (T,S) —p (17,5’ (see [1] 7.11). In
particular, the relation —p is an equivalence relation on the set of genetic sections of
P. Recall moreover that if (T, S) —p (T7,5"), then there exists a unique double coset
TzT’ in P such that (T,5) — *(T",5").

2. Biset functors

2.1. Notation and Definition : Let k be a commutative ring. Denote by Cp j, the
following category :

o The objects of Cp . are the finite p-groups.

o If P and Q are finite p-groups, then Home, , (P,Q) = k ®z B(Q x P°P), where
B(Q x P°P) is the Burnside group of finite (Q, P)-bisets.

o The composition of morphisms is k-bilinear, and if P, Q, R are finite p-groups,
if U is a finite (Q, P)-biset, and V' is a finite (R, Q)-biset, then the composition
of (the isomorphism classes of ) V and U is the (isomorphism class) of V xq U.
The identity morphism Idp of the p-group P is the class of the set P, with left
and right action by multiplication.

Let F, i denote the category of k-linear functors from Cp 1, to the category k-Mod of k-
modules. An object of Fp . is called a biset functor (defined over p-groups, with values
in k-Mod).

If F'is an object of F} x, if P and Q are finite p-groups, and if ¢ € Home, , (P, @),
then the image of w € F(P) by the map F(¢) will generally be denoted by ¢(w). The
composition ¢ o ¢ of morphisms ¢ € Home, , (P,Q) and ¢ € Home, , (Q, R) will also
be denoted by ¢ xg ¢.

2.2. Examples. Recall that this formalism of bisets gives a single framework for
the usual operations of induction, restriction, inflation, deflation, and transport by
isomorphism via the following correspondences :

o If Q is a subgroup of P, then let Indg € Home, , (Q, P) denote the set P, with
left action of P and right action of by multiplication.

o If Q is a subgroup of P, then let Resg € Home, , (P,Q) denote the set P, with
left action of @ and right action of P by multiplication.



e If NaP, and Q = P/N, then let Infg € Home, , (Q, P) denote the set @, with
left action of P by projection and multiplication, and right action of ¢ by multi-
plication.

e If NaP, and Q = P/N, then let Defg € Home, , (P, @) denote the set @, with
left action of @) by multiplication, and right action of P by projection and multi-
plication.

e If o : P — Q is a group isomorphism, then let Iso% = Iso%(p) € Home, , (P, Q)
denote the set @, with left action of ¢ by multiplication, and right action of P
by taking image by ¢, and then multiplying in Q.

2.3. Sections and isomorphisms. Let (T,5) and (77, S") be sections of the group P,
and let + € P be an element such that (T,5) — (*T7,%S’). Let U denote the set
S\TxT'/S’, viewed as a (T/S,T’/S’)-biset. If t € T’, then there exists t € TN*T’ and
s’ € S’ such that ¢ = t¥s’. The correspondence u : t'S’ — ¢S is well defined, and it is
a group isomorphism from 7”/S’ to T'/S. Moreover, the correspondence

V(t,t')eT xT', Stat’'S" € S\TzT'/S" — tSu(t'S") e T/S

is an isomorphism of (T°/S,T"/S’)-bisets between U and Iso;,//ss/ (w).

2.4. Opposite bisets. If P and @ are finite p-groups, and if U is a finite (Q, P)-biset,
then let U°P denote the opposite biset : as a set, it is equal to U, and it is a (P, Q)-biset
for the following action

VYh e Q,Yu e UVg € P, gu.h (in U?) = hlug™ (in U)
This definition can be extended by linearity, to give an isomorphism
@ +— ¢°? : Home, , (P, Q) — Home, , (Q, P)
It is easy to check that (¢ o 1)°P = 9P o ©°P  with obvious notation, and the functor

P— P
o= P

is an equivalence of categories from C, , to the dual category.

2.5. The functor P — Rg(P). If P and Q are finite p-groups, if V' is a finitely gen-
erated QP-module, if U is a finite (@, P)-biset, then QU is a (QQ, QP)-bimodule, and
QU ®qpV is a finitely generated Q@-module. This definition can be extended by linear-
ity, and gives a structure of biset functor (with values in Z-Mod) to the correspondence
P — Ro(P).

This functorial structure is well-behaved with respect to the bilinear forms ( , )p,
in the following sense : if P and @Q are finite p-groups, if a € Rg(P) and b € Rg(Q), if
¢ € Home, , (P, @), then

(b; p(a))q = (¢ (b),a)p



2.6. Some idempotents in Endc, , (P). Let P be a finite p-group, and let N aP.
Then it is clear from the definitions that

Defp/y o Infp/y = (P/N) xp (P/N) =1dp/y
It follows that the composition
el = Infg/N o Defllz/N

is an idempotent in Endc, , (P). It is the class of the set P/N, viewed as a (P, P)-
biset by left and right action given by projection on P/N, and multiplication in P/N.
Moreover, if M and N are normal subgroups of P, then

enyoey = (P/N)xp(P/M)
which is easily seen to be isomorphic to P/NM as (P, P)-biset. In other words
en © €hr = ennr

Moreover el = Idp. The following Lemma is well-known (and can be proved for
instance using Lemme 8 of [3]) :

2.7. Lemma : If NaP, define f§ € Ende, ,(P) by

=Y nap(N,Mey;
MaP
NCM

where pqp denotes the Mobius function of the poset of normal subgroups of P. Then
the elements fi, for N <P, are orthogonal idempotents of Ende, , (P), and their sum
s equal to Idp.

Now if N < P, the poset |1, N[” of normal subgroups of P which are non-trivial and
properly contained in N is contractible, unless the action of P on N is semi-simple.
Since P is a p-group, this implies that if ugqp(1,N) # 0, then N is central in P. In
this case moreover uqp(1,N) is equal to the Mdbius function p(1, N) of the poset of
all proper non-trivial subgroups of N. This is zero if IV is not elementary abelian. This
gives finally

=Y, wl,NP/N ,

NCQ, Z(P)

where Q1 Z(P) is the subgroup of the center of P consisting of elements of order at
most p.

2.8. Faithful elements for biset functors. If F'is an object of 7, 1, and if P is a
finite p-group, then the idempotent f{ of Endc, , (P) acts on F(P). Its image

OF (P) = F(f{ )F(P)

is a direct summand of F(P) as k-module : it will be called the set of faithful elements
of F(P), because any element u € F(P) which is inflated from a proper quotient of P
is such that F(ff)u = 0. In the case k = Z and F = Rg, the module OF(P) has a
basis over Z consisting of the faithful irreducible rational representations of P.



3. Bisets and genetic sections

3.1. Notation : Let P be a finite p-group, and (T, S) be an genetic section of P, with
S #T. Then (T/S) has a unique central subgroup of order p, and this subgroup is equal
to S/, for some well defined subgroup S of T. Then P/S and P/S are (P,T/S)-bisets,
and I denote by ar s the element of Home, , (T'/S, P) defined by

ars =P/S—P/S

I denote by br s the element of Home, , (P,T/S) corresponding to the opposite bisets,
i.€.

br.s = S\P — S\P
If (T,S) = (P, P) is the trivial genetic section of P, I denote by ar s the image in
Home, , (1, P) of a (P,1)-biset of cardinality 1, and by br s the image in Home, , (P, 1)
of a (1, P)-biset of cardinality 1.

The main theorem can now be stated :

3.2. Theorem : Let F be a biset functor defined over p-groups, with values in k-Mod.
Then for any finite p-group P, and any set S of representatives of genetic sections of P
modulo the relation —p , the map

Is= & Flars): & OF(T/S)—F(P) ,
(T,9)es (T,S)es

is a split injection of k-modules, with left inverse

Ds= @ Flbrg):F(P)— @ OF(T/S)
(T,S)esS (T,S)es

4. Some combinatorial properties of origins and genetic sections

4.1. Lemma : Let P be a finite p-group, and Q be an origin in P, with associated
genetic section (T, Sq), and corresponding simple QP-module V. Then if R is any
subgroup of P, the multiplicity m(Vg, QP/R) of Vg in the permutation module QP/R
is equal to

m(Vg,QP/R) =|Q : Sgla+1b

where
a = card{z €e TQ\P/R|ToN*R C Sy}
b = card{z € TQ\P/R||(Tq N"R)Sq/Sql =p, (Tq N"R)Sq/Sq € Z2(To/Sq)}

Proof: First, the result holds if @) = P, for in this case Vg = Q and Tg = Sg = P,
thus m(Vg,QP/R) = 1, and moreover ¢ = 1 and b = 0.



Suppose now that @ is a proper subgroup of P. Set (T, S) = (Tg, Sq), and D =T/S.
Then :
(Vo QP/R)p = (Ind}Infhop, QP/R)p
= (®p,Def,,ResnQP/R)p

Now Def],RestQP/R is isomorphic to QS\P/R as QD-module. In other words

DefhRes?QP/R= @© QS\TzR/R |,
z€T\P/R

and the QD-module QS\TzR/R is isomorphic to QD/E,, where E, = (T N*R)S/S,
for each x € P : indeed S\TzR/R is a transitive D-set, and the stabilizer of Sz R in D
is equal to F,. It follows that

(Vo,QP/R)p= Y (2p,QD/E;)p

z€T\P/R

Now there are two cases : if E, contains the unique central subgroup S /S of order p
of D, then the permutation module QD/FE, is inflated from a proper quotient of D.
Hence it is a direct sum of non-faithful irreducible QD-modules. Hence

(®p,QD/Ey)p =0

in this case. And if E, does not contain S /S, then it is either trivial, or non-central
of order p (this can only happen of course if P is dihedral or semi-dihedral, hence if

p=2).
If £, is trivial, i.e. if TN?R C S, then

(®p,QD/E,)p = dimg ®p

And if E, is non-central of order p in D (hence if p = 2 and D is dihedral or semi-
dihedral), then

(®p,QD/E,)p = (QD/E,,QD/E,)p = (®p,®p)pm(®p,QD/E,)

But in this case E = E, is a basic subgroup of D, and ®p is the corresponding simple
QD-module Vg (see [1] 3.7). By assertion 2 of Proposition 2.5 of [1]

_|Zpb(E, E)| _

m(Vg,QD/FE) = 205, B)| =1

)

thus
(®p,QD/E;)p = (®p,®p)p

This gives finally
<VQ, QP/R)P = adim@ dp + b(‘I)D, (I)D>D

where

a = card{r € T\P/R|E, =1}
b = card{zr € T\P/R||E;| =2, E; £ Z(D)}



On the other hand
<VQ5 QP/R>P = <VQ5 VQ>Pm(VQa QP/R) = <(I)Da (I)D>Dm(VQa QP/R) )
hence
dimQ (I)D
(®p,®p)p

Now there are two cases : if D is cyclic or generalized quaternion, then

m(Vg,QP/R) = a+b

dimg ®p = (p — 1)|D|/p = (®p,®p)p

(see [1] 3.7 and 5.5), and @ = Sg in this case. Lemma 4.1 holds in this case. And if
D is dihedral or semi-dihedral, then dimg ®p = |D|/4 and (®p, Pp)p = |D|/8, thus
dimQ (I)D

@p. 000 = 2. But |Q : Sg| = 2 in this case, and this completes the proof. 0

4.2. Lemma : Let Q be an origin in P, with associated section (Tg,Sq) and
corresponding simple QP-module V. Then the multiplicity m(Vg, QP/Sq) is equal
to |@ : Sgl, and the kernel of the projection map QP/S¢qg — QP/SQ is isomorphic to a
direct sum of |Q : Sq| copies of V.

Proof: Let D = Tg/Sq. If D is cyclic or generalized quaternion, then @ = Soq,

5 _ & _ [Z2(Q.Q)] _ L th ,
Q = Sq, and m(Vg,QP/Q) = Tr0.Q) — 1, and the result holds in this case, since

Vg is the kernel of the projection map QP/Q — QP/Q.

Suppose that D is dihedral or semi-dihedral (hence p = 2), and let Z denote the
unique central subgroup of order 2 of D. There is a unique faithful irreducible QD-
module ®p, such that Defg/ZCI)D =0 (see [1] 3.12). Any other irreducible Q D-module

W is inflated from D/Z, i.e. such that W = Infg/ZDefg/ZW. Now QD/1 splits as
QD/1=m®pd D" |

for some m € N, where D’ is a sum of simple modules which are inflated from D/Z. The
above considerations show that D’ = Inf} /ZDefB 12QD = QD/Z. Taking dimensions
in the previous equality gives

|D| = mdimg ®p + |D|/2 =m|D[/4+[D[/2
and it follows that m = 2, thus
QD/1 =20, 0QD/Z
Taking inflation from D to T, and then induction to P gives
QP/Sq =2Vo®QP/Sq

thus R

m(Vg,QP/Sq) =2+ m(Vg,QP/Sg)
Since @}/ Sg is a non-central subgroup of order 2 of Ty/Sg, it follows that Q@ € SQ, and
1Q.50] > |Q| (actually |Q.So| = 2|Q| since QN Sg = Sg). Since Q is basic, it follows
that IP((Q.SQ>, Q) = 0, hence that m(Vg, QP/(Q.SQ)) =0.



Now if m(Vg,QP/ SQ) # 0, it follows that Vg appears as a direct summand of the
kernel K¢ of the projection map

QP/Sq — QP/(Q.50)
The dimension of Kg is equal to

|P:Sql [P:Sql _ |P:Sq
2 4 4

Hence K¢ = Vj is an irreducible QP-module. By Proposition 4 of [4], it follows that
S’Q is a basic subgroup of P, and in particular the group W = NP(S’Q)/S’Q is cyclic or
generalized quaternion. But W contains the group Tg/ S’Q >~ D/Z, which is dihedral.
This cannot happen, and it follows that m(Vg, QP/Sg) = 0, thus m(Vy, QP/Sq) = 2
in this case, as was to be shown.

Now the kernel Lg of the projection map QP/Sq — QP/S’Q has a direct summand
isomorphic to a direct sum of 2 copies of V. But

dimg K¢ = = dimg Vg

1
dimQLQ:|P:SQ|—§|P:SQ|:2dimQVQ ,
hence Lg = 2V, completing the proof. 0

4.3. Corollary : Let (T,S) be a non-trivial genetic section of P, and let x € P.
1. If SN*S C S, then x € T. In particular T = Np(S).
2. The group (T N*S)S/S cannot be a non-central subgroup of order p of T/S.

Proof: There exists an origin @) in P such that (T,5) = (Tg, Sg). With the notation
of the two previous lemmas, one has that

|Q:Sla+b=1Q: S| ,
where
a = cad{reT\P/S|TN*SCS}
b = card{z e T\P/S | |(TN*S)S/S|=p, (TN*S)S/SL Z(T/S)}
Thus a > 1, and b > 0. Since |Q : S|(a — 1) +b = 0, it follows that b = 0 and a = 1.
Assertion 2 follows from b = 0. For Assertion 1, observe that the equality a = 1 means

that
Vee P, TN*SCS = x€T

Set L = (T'N*S)S. Then L/S is a subgroup of /8. If NS C S, then L/SNS/S = 1.
Since L/S cannot be non-central of order 2 in T'/S, it follows that L/S = 1. Thus
TN*SCS,andz e T. 0

Corollary 4.3 leads to the following combinatorial characterization of genetic sec-
tions :

4.4. Proposition : Let P be a finite p-group, and let (T,S) be a section of P. Let
Zp(S) denote the subgroup of P defined by

Zp(S)/S = Z(Np(S)/S)

Then the following conditions are equivalent :



1. The section (T, S) is an genetic section of P.

2. The group Np(S)/S has normal p-rank 1, the group T is equal to Np(S), and if
x € P is such that SN Zp(S) C S, then x € Np(S5).

Proof: Suppose first that (T, S) is an genetic section of P. Then either T = S = P,
and Assertion 2 holds trivially, or (7,.5) is a non-trivial genetic section. In this case
T = Np(S) by Corollary 4.3, thus Np(S)/S = T/S has normal p-rank 1. Let € P.
Since S/S = 1 (Zp(S)/S), the hypotheses S* NS C S and S* N Zp(S) C S are
equivalent, and Assertion 2 holds by Corollary 4.3.

Conversely, suppose that Assertion 2 holds. Then either S =T = P, and (T, 5) is
an genetic section of P, or S is a proper subgroup of P, thus also a proper subgroup of
T = Np(S). Let S be the subgroup of P defined by S/S = Q,(Z(T/S)).

Let /S be a basic subgroup of 7'/, such that Q/SNZ(T/S) = 1. Such a subgroup
exists because T'/S has a faithful irreducible rational representation. Then in particular
S C Np(Q) and QNS = S. Now if 2 € Ip(Q, Q), then

S*NSCQ NNp(Q) CQNS=S |

hence S” = S. Thus Ip(Q,Q) € Np(S) =T, and in particular Np(Q) = Np(Q). Let I
denote the set of elements = € T such that S € Ip,5(Q/S,Q/S). If x € I, then

Q" NNp(Q)=Q" NNr(Q) CQ ,

thus = € Ip(Q, Q). Moreover I generates T, since Ir/s(Q/S,Q/S) generates T'/S by
Lemma 7.2 of [1]. It follows that the group T generated by Ip(Q, Q) contains T, and
is contained in Np(S). Hence Tg =T = Np(S).

Now Sg is the largest normal subgroup of 1" contained in @, hence it is equal to .S,
since /S intersects the center of T'/S trivially. Hence (T, Sg) = (T, 5), and Tg/Sq
has normal p-rank 1. Thus @ is an origin in P, and (7, S5) = (T, Sq) is an genetic
section of P by Proposition 7.4 of [1]. 0

4.5. Lemma : Let (T,S) and (T',5’) be non-trivial genetic sections of P. Suppose
that there exists x and y in P such that

Sn*s' c 8 and s'nvsc s

Then (T,S) —p (T7,5").
Proof: Choose origins R and R’ in P such that (T,S) = (Tg,Sgr) and (7",5') =
(Tr/, Sgrr). Consider the subgroup L = (T'N*S5").5/S of T/S. Since

LN(5/S)=((Tn®s").8n8)/S=(TN"S'NS).S/S=(5n"S").8/S=1 |,

the group L is trivial or non-central of order 2. By Lemma 4.1, the multiplicity
m(Vg,QP/S") is non-zero. Since R is basic, it follows that |S’| < |R|. By symme-
try m(Vr,QP/S) # 0 and |S| < |R/|.

Suppose that |R’| < |R|. Then |R'| < |R|/p < |S| < |R/|. Thus |R'| = |R|/p = |5]
in this case, and this can only happen if p = 2 and T'/S is dihedral or semi-dihedral.

Since |R| # |R/|, the modules Vi and Vg are not isomorphic. Hence there is a
decomposition

QP/S=Q@2VraVr W

10



for some QP-module W, since m(Vgz, QP/S) = 2 by Lemma 4.2. It follows that

_ |P:S| |P:R| |P:S| |P:R
|P.S|>24+272+2,
hence |R'| > |S| = |R|/2. Tt follows that |R'| > |R|, contradicting the assumption
[R'| <|R].
By symmetry, it follows that |R| = |R’|. Suppose that Vg ¥ V. f T/S and T'/S’
are both cyclic or generalized quaternion, then R = .S and R’ = 5’. Since Q® Vr & Vr/
is a direct summand of QP/S = QP/R, it follows that

1 1 2
[P2RI> (1= PRI+ (1= )P R =@~ )P Rl > |P: R

since p > 2. This is impossible.

Hence p = 2, and at least one of T'/S or T'/S’, say T/ S, is dihedral or semi-dihedral.
This implies in particular that |R : S| = 2.

If m(Vr/,QP/R) # 0, then Q® Vi & Vg is a direct summand of QP/R, and

1 1
|P:R|>§|P:R|+§|P:R/|:|P:R| ,

which is impossible. Thus m(Vg/, QP/R) = 0.
Now there are decompositions
QP/S = Q@2VgeVp oW
QP/R = QaeVgoW' |
for some QP-modules W and W', with m(Vg, W’) = m(Vg,, W) = 0. Hence the kernel

K of the projection map
QP/S — QP/R

has a direct summand isomorphic to Vg @ Vi/. But
dimg K =2|P:R|—|P:R|=|P:R| ,
whereas 1 1
dimg(Ve ® Vi) = §|P R+ §|P R =|P:R|
Hence K =2 Vr @ Vg/, and
QP/S 2 Vr® Vi @ QP/R = 2Vr ® QP/S

by Lemma 4.2. This shows that Vi appears as a direct summand of QP/ S. On the
other hand Vx/ cannot appear as a direct summand of QP/ (RS’ ), since R’ is basic, and
|R.S| > |R|. Hence Vg is a direct summand of the kernel L of the projection map
QP/S — QP/(R.S). Since

1 1 1 1 1
di L==|P:S|—=|P: 5 =-|P:5==|P: =—|P: R'| =di '
img L= 5P|~ 1P S| = 3|P: S| = 5|P: Rl = 5|P: R| = dimq Viv

it follows that L = Vg/. A
Since L is a simple QP-module, it follows that S is a basic subgroup of P, hence
that Np(S)/S is cyclic or generalized quaternion. But this group contains 7'/S, which

is dihedral. This cannot happen, and this contradiction shows that Vp = Vg/, or
equivalently (7, 5) —p (T7,5’), completing the proof. 0
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4.6. Theorem : Let P be a finite p-group. If o = (T, S) and o’ = (T',S") are genetic
sections of P, set

ng, =brgoar s € Home, , (T'/S',T/S)

If 7%, # 0, then 0 —p o’.
(Recall that in this case, the simple QP-modules corresponding to o and o’ are
isomorphic).

Proof: Suppose first that o is the trivial genetic section. If ¢’ is also trivial, there is
nothing to prove since then ¢’ = o, hence ¢/ —p 0. And if ¢’ is non-trivial, then

brsoar s = P\P xp (P/S'— P/S") = P\P/S — P\P/S§' =0

’
loa

7 shows that 77, = 0 if ¢’ is trivial

A similar argument, or the fact that (72,)? =7
and o is not.

Hence I can suppose that ¢ and ¢’ are both non-trivial. Then
7%, = (S\P — S\P) xp (P/S" — P/S")

Claim : Let (B, A) be a section of P such that A\Po(P/S—P/S) is a non-zero element
of Home, , (T'/S, B/A). Then there exists an element x € P such that SnA*CS.
Indeed the hypothesis means that A\P/S # A\P/S in Home, , (17'/S, B/A). Hence
there exists # € P such that AzS # AxS, or equivalently S ¢ AzS, ie. S ¢ A*.S.
Since |S : S| = p, this means that $ N A% C S, proving the claim.
Thus if 77, # 0 in Home, , (T7/S’,T/S), then at least one of the elements

uw=S\Po(P/S"—P/S) or v=2S8\Po(P/S —P/5)

is non-zero. If u # 0, then there exists y € P such that S’ N¥S C §’. And if v # 0,
then there exists y € P such that §’ N¥S C ', which implies $’ N¥S C §’. Similarly,
since (7%,)%? = w9 # 0, it follows that there exists € P such that SN %S’ C S. By
Lemma 4.5, it follows that (T,5) —p (T7,5"). 0

4.7. Lemma : Let (T,S) and (T',S’) be genetic sections of P, and suppose that
(T,8)—p (T",5"). Then :
1. There exists a unique double coset ST’ in P such that S*NT' C S’. In this case
(T,8) — (*1",%5").
2. If x € P, the group (S* NT")S'/S’ is not a non-central subgroup of order p
of T'/S".

Proof: If (T,5) is trivial, then so is (77,5’), and there is nothing to prove. Hence I
can suppose that (T',5) and (7", S’) are both non-trivial, and choose origins R and R’
in P such that (Tg, Sg) = (T,S) and (Tr, Sr) = (T",5").

There exists a unique double coset TaT’ such that (7,5)—*(7",5’). Since the
simple QP-modules Vi and Vi associated to (7,S) and (7”,S’) are isomorphic, it
follows that |R| = |R’|. Moreover R/S = R'/S’, and T/S = T'/S".

By Lemmas 4.1 and 4.2, one has that

m(Vg,QP/S') =m(Ve,QP/S") = |[R": §'| = [R: S| = |R: Sla+b ,

12



where

a = card{z € T'\P/S|T'N*S C S’}
b = card{z e T'\P/S||(T"'N"S)S"/S | =p, (T'N"S9)S"/S" ¢ Z(T'/S")}

Since a > 1 if (T,S) —p (17, 5’), it follows that @ = 1 and b = 0. Assertion 2 follows
from b = 0. Since a = 1, there is a unique double coset SxT” in P such that S*NT’ C 5.
This is the case in particular if (T, S) — *(I”,S’). Thus SzT’ = Tz’ is also the unique
double coset TzT in P such that (T,S) — *(T7",5"). 0

4.8. Lemma : Let (T,S) be an genetic section of P. Then

T/S T/
ar.g = aT,sfl/ brs = fl/ br.s

Proof: Since by g = (ar,s)°” and flT/S = (flT/S)"p, the two assertions are equivalent.

Moreover if (7', 5) is the trivial genetic section, the result is trivial. And if (7', 9) is
non-trivial, then Q,Z(7/S) = S/S, thus

11— (1/9)/(S/S) - (T/9)/(5/S) =T/S - T/5 |

It follows that e A
(P/S) %15 f1/° = P/S—P/S=ars |

T . T/S . .
hence ar s = ar,sfi /S, since f; /9 is an idempotent. O

4.9. Theorem : Let 0 = (T,S) and o' = (T',5’) be genetic sections of P, and
suppose that (T,S) —p (T",5"). Let TxT’ denote the unique double coset in P such
that (T,S) — *(1",8"). Denote by @7, the (T'/S,T'/S")-biset S\TxT'/S’, viewed as an
element of Home, , (1"/S",T/S). Then
g S (o g ! S,
Ty = bTwS © aT'uS' = flT/ Por = Por lT/
in Home, , (1"/5',T/S).
Proof: If o is trivial, so is ¢’, and the result is trivial in this case. Suppose then that o
and o’ are non-trivial, and denote by R and R’ origins of P such that (T, 5) = (Tr, Sr)
and (T7,5') = (Tr,Sr’). Here again |R| = |R/|, the groups R/S and R’/S’ are
isomorphic, as well as the groups 7/S and T77/S’. In particular |S| = |S’].
There are two steps in the proof :

Step 1 : Claim : The composition S\Po(P/S'—P/S") is zero in Home, , (1"/8',T/8) :
indeed otherwise, by the Claim of the proof of Theorem 4.6, there exists an element x
in P such that $* NS’ C S". Then the subgroup L = ($* NT").S'/S" of T'/S’ is such
that L N S’/S = 1. Thus L is either trivial, or non-central of order p in 77/S’. By
Lemma 4.1, the multiplicity m(Vz, QP/ S’) is non-zero. Since R’ is basic, this implies

IR <1S|=15"| < |R| ,
hence |R'| = |S'| = |R|. Hence |R' : S| = p, and this can occur only if p = 2 and
T/S and T’/S’ are dihedral or semi-dihedral. Moreover |R.S| = 2|R| > |R’|, thus
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m(Vg, (@P/(R.S)) = 0. Hence Vi appears as a direct summand of the kernel K of the
projection map QP/S — QP/(R.S). This kernel has dimension

1 1 1
dimg K = §|P:S|—Z|P:S| = Z|P:S| =dimg Vr ,

hence K & Vg is irreducible. Thus S is basic, hence N p(8)/8 is cyclic or generalized
quaternion. But this group contains 7'/S, which is dihedral. This contradiction proves
the claim.

Step 2 : It follows from Step 1 that

7%, = S\Pxp(P/S' —P/S)
= Y (S\TaT'/S'— S\T2T'/5") inHome,, (1'/S',T/S)
z€T\P/T’

Moreover for z € P
SzS # Sz8 = § #(5*N§).8" & 85°ns Cs

In that case the subgroup L = (S* NT").8'/S’ of T'/S" is trivial or non-central of
order 2, hence trivial by Lemma 4.7. There is a single double coset Tz¢T’ of such
elements z in P, and

7o, = > (S\TxT')S" — S\TxT'/S") | +(S\TxoT"/S"—S\TxoT"/S")
@€T\(P—TaoT")/T"
If z € P — TxoT’, then SyS’ = SyS’ for all y € T2T". It follows that
S\TxT'/S" = S\T«T'/S'
as (T/S,T'/S")-bisets, and finally
7% = S\TxoT"/S" — S\TxoT" /S’

Now recall that flT//S/ =T')8" —T'/S". Tt clearly follows that

o ! S/ - /7 S/
ng = (S\TzoT'/S") X 71,5 flT/ = Qg 1T/

Exchanging o and ¢’ now gives

o' _ o T/S
Te =% J1 )

and taking opposite bisets gives

o _ (T/S &
Mo = J1 Por s

as was to be shown. 0
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5. Proof of Theorem 3.2

Let F be a biset functor defined over p-groups, with values in k-Mod. Let P be a
finite p-group, and let S be a set of representatives of genetic sections of P modulo the
relation —p . Denote by Zs the map

Is= ® Flars): @ OF(T/S)— F(P)
(T,S)es (T,S)esS

It follows from Lemma 4.8 that the image of the map F(br g) is contained in 0F(T/S),
and one can define a map Dg by

Ds= & F(bT,S) :F(P)— @ O0F(T/S)
(T,9)es (T,S)es

Choose 0 = (T, S) € S. Then for any u € OF(T/S), and for any (77,5") in S, different
from (7,5), one has that

F(bT/ys/)F(aTys)(u) =0
by Theorem 4.6. Moreover, by Theorem 4.9

F(br,s)F(ar,s)(u) = F(eI)F(fi %)) =u |

since F( 1T/S)(u) = u for u € OF(T/S), and since moreover

0o =8\T/S=T/S =1dp/g

It follows that Dg o Zs is the identity map, and Theorem 3.2 follows. O

6. An application to the Dade group

The definitions and notation concerning the Dade group refer to [6] (in particular,
see [6] Corollary 3.10 for the definition of the map D(U) between Dade groups associated
to a biset U).

6.1. Theorem : Let P be a finite p-group. Denote by D*(P) the torsion subgroup of
the Dade group of P, and by T*(P) the subgroup of D*(P) formed by the images of the
torsion endo-trivial modules.
1. If Q is a non-trivial p-group of normal p-rank one, then T*(Q) is equal to the
kernel of the map Defg/z : DYQ) — DY(Q/Z), where Z is the unique central
subgroup of order p in Q. It follows that T*(Q) = D(f2)D'(Q).
2. Let S be a set of representatives of genetic sections of P, modulo the relation —p .
Then the map

Is= @ Teninfp,g: © TYR/S)— D'P) ,
(R,9)eS (R,S)eS

s a split injection.
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Proof: Assertion 1 follows from Dade’s Theorem on the structure of the Dade group
of cyclic groups (see [9], [10]), and of Lemma 10.2 of [8] for the other cases.

Assertion 2 is not a direct consequence of Theorem 3.2, for the Dade group is not
a biset functor over p-groups, because of the extra phenomenon of “Galois torsion”,
described in Section 3 of [6]. However, the proof of Theorem 3.2 can be adapted to take
this Galois torsion into account, in the following way :

First observe that since the Dade group of the trivial group is trivial, one can always
replace S by § — {1} in the statement of the theorem, i.e. suppose that the genetic
sections considered here are non-trivial ones.

It follows from Assertion 1 that if @) is a non-trivial p-group of normal p-rank one,
and if u € T"(Q), then Defg/zu =0.

This means that the map Zs can also be defined by

Is= @ D(ars) ,
(R,S)eS

. & . P R/S
since D(P/S) = Teninfy, ¢ o DefR/ﬁ.
Moreover, if v € D*(P), then the element u = D(bg, s)(v) is an element of D*(R/S)

in the kernel of the deflation map Defgjg, hence u € T*(R/S). This allows to define a
map

Ds:DYP)— & TYR/S) ,
(R,S)eS

and this map will be a left inverse to Zs.
To see this, let (R’,S’) be an element of S, and let (R, .S) be any section of P. If u
is an element of D*(R’/S’), one has that

D(S\P)D(P/S')(u) = Defresy, gTeninfp, /g u
= Defg/SRengeng/ Infgj/s/u

= > Wsseer D(S\RzR'/S)(u)

zER\P/R’

Similarly

D(S\P)D(P/S")(u) = Y v s:snerD(S\RxR'/S")(u)
zER\P/R’

by Proposition 3.10 of [6]. Hence

D(S\P)D(ar s)(u) = > Ysisner|(D(S\RzR'/S')(u) — D(S\RzR'/S")(u))
TER\P/R/

If this is non-zero, then there exists y € P such that SyS’ # SyS’, or equivalently
S'nsyCys.

Suppose now that (R, S) € S. The same argument shows that if D(S\P)D(ar.s)(u)
is non-zero, then there exists y € P such that $’NSY C ', and this implies $'NSY C S’

Since R

D(br,s) = D(S\P) — D(S\P) ,

it follows that if D(bg,s)D(ar s/)(u) is non-zero, then there exists y € P such that
S'nsycCs.
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Recall that D(P/S")(u) = 0 for u € D*(R'/S"). Hence
D(br,s)D(ar,s)(u) = D(br,s)D(P/S)(u)
By the above computation, this is equal to
S (sisnew DS\RER'/S) (1) — 7,500y DIS\RER/8") ()
zER\P/R’
If this is non-zero, then at least one of the following holds :
e There exists 2 € P such that [S: SNZR'| # |S : SNTR'|, or equivalently
IS:8|=p#|SN*R :SN"R| |,
hence S N*R' C S. This implies SN*S’ C S.
e There exists z € P such that SzS’ # SzS’, or equivalently SN*S’ C S.

In both cases, there exists z € P with $ NS’ C S.

Now Lemma 4.5 shows that if D(br s)D(ar/ s/)(u) # 0, then (R,S) —p (R, 5’),
hence (R, S) = (R',S’) since both pairs are in S.

In this case by Corollary 4.3, there is a unique double coset RxR in P such that
SN*S C S, namely the coset R. It follows that

D(br.s)D(agr.s)(u) = 7|s:5nR|D(S\R/S)(U)*V|é;§mR\D(S\R/S)(U)
= D(R/S)(u) — ¥ g.50p D(R/S)(u)

= u

since R/S = Idg/g and D(R/S)(u) = 0 for u € D'(R/S). Tt follows that Dg o Zs is the
identity map, and this completes the proof of the theorem. 0
6.2. Conjecture : The map Zs of Theorem 6.1 is an isomorphism, for any fi-

nite p-group P, and any set S of representatives of genetic sections of P modulo the
relation —p .

By [8], and by Theorem 6.1, this conjecture is equivalent to the following :
6.3. Conjecture : The torsion part D'(P) of the Dade group of P is isomorphic
to (Z/272)"" & (Z/4Z)™P, where mp is equal to the number of rational irreducible
representations of P of generalized quaternion type, and np is equal to the number of
rational irreducible representations of P whose type is

e cyclic of order at least 3, or semi-dihedral, or generalized quaternion, if the ground
field contains cubic roots of unity.

e cyclic of order at least 3, or semi-dihedral, or generalized quaternion of order at
least 16, if the ground field does not contain cubic roots of unity.

6.4. Remark. Conjectures 6.2 and 6.3 are known to be true in the following cases :

e For p # 2, by a result of J. Carlson and J. Thévenaz ([7] Theorem 13.3).

e For p # 2 and metacyclic p-groups, by a result of N. Mazza, independent of
Carlson and Thévenaz’s result ([11]).

e For cyclic, generalized quaternion, dihedral or semi-dihedral 2-groups, by [8].

e For some other 2-groups, such as Dg x C4, Dg x Dg, or Dg % Jg, by results of
J. Thévenaz, and more generally for all (almost) extraspecial p-groups, by a result
of N. Mazza and the author ([5]).
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7. Rational biset functors and the torsion part of D

The results of previous sections lead to the following definition :

7.1. Definition : Let F be a biset functor defined over p-groups, with values in
k-Mod. The functor F is called rational if for any finite p-group P, there exists a set S
of representatives of genetic sections of P modulo the relation —p , such that the map

Is= @® Flars): @ OF(T/S)— F(P) ,
(T,S)esS (T,S)eS

s a k-module isomorphism.

7.2. Example : The word “rational” in the previous definition comes from the exam-
plek =7, and F = Rg. Then for any p-group Q) with normal p-rank 1, there is a unique
faithful irreducible rational representation ®g, and OF(Q) = Z, with basis ®g. More-
over, any rational irreducible representation V' of P is isomorphic to Ind?lnf;/Sq)T/s
for a suitable genetic section (T, S) of P, which can be chosen in a given set S of rep-
resentatives of such sections. Thus V = Ro(ar,s)(Pr/s), and the map Ls is surjective
for any p-group, and any set of representatives S. Hence it is an isomorphism, and Rg
s rational.

The following lemma shows that if F' is rational, then the map Zg is an isomorphism
for any set S of representatives of equivalence classes of genetic sections of P.

7.3. Lemma : Let F be a biset functor and P be a p-group. Let S and S’ be sets
of representatives of genetic sections of P for the relation —p . If the map Is is an
isomorphism, then the map Ls/ is an isomorphism.

Proof: Showing that the map Zg/ is an isomorphism is equivalent to showing that the
map Dg is injective, since this map is split surjective by Theorem 3.2. Equivalently,
since Zgs is an isomorphism by hypothesis, this amounts to showing that the map f =
Ds:oZs is injective. Let u = (ur,s)(r,s)es an element of Ker(f), with ur s € OF(T/S).
If (T",8") € &', then the component of f(u) in F(T'/S") is equal to

by s ( Z ar,s(ur,s))

(T,S)es
Now by g/ 0 ar,g is equal to zero by Theorem 4.6, unless (T7,5’) —p (T, S). There is
a unique such (T, 5) € S, and for this one

bT/,S/ ) aT,S(UT,S) = (p%és (UT“‘;) s

by Theorem 4.9, since flT/S(uTys) = up g. It follows that this is equal to the component

’

of f(u) in OF(T’/S"). Hence this is zero, and ur,s = 0 since go?’ss is an isomorphism.
Since for any (7,5) € S, there is a unique (77,5") € &' such that (T7,5") —p (T, S),
thus up,s = 0 for any (7,5) € S, and v = 0. 0

7.4. Proposition : Let F be a biset functor over p-groups, with values in k-Mod, let
F' be a subfunctor of F, and let M be any k-module.

1. The functor F is rational if and only if F' and F/F’ are rational.
2. If F is rational, then Hom(F, M) is rational.
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The first assertion means that the class of rational biset functors is a Serre subclass
of all biset functors. In the second assertion, recall that Hom(F, M) is defined by
Hom(F, M)(P) = Homy (F(P), M) for any p-group P, and

Hom(F, M)(p)() = a o F(p™)
for ¢ € Home, , (P, Q) and o € Hom(F, M)(P).

Proof: Let P be a finite p-group, and S be a set of representatives of equivalence
classes of genetic sections of P. Let F”' = F//F’. The diagram

0 0
! o
® OF(T/S) & F'(P)
(T,S)esS
l ol
® OFT/S) 5 F(P)
(T,S)es
! !
© OF"(T/S) S F'(P)
(T,S)esS
! !
0 0

is commutative, where the horizontal maps are the maps Zs for the corresponding
functors. By the snake’s lemma, and since i’, ¢, and i are (split) injective, there is an
exact sequence

0 — Coker(i") — Coker(i) — Coker(i") — 0

Now saying that F' is rational is equivalent to saying that Coker(i) = 0 for any P and S.
Thus Coker(i') = Coker(i”) = 0, and F’ and F" are rational. Conversely, if F’ and F"
are rational, then Coker(i’) = Coker(:”) = 0, and Coker(f) = 0, thus F' is rational.

For the second assertion, denote by F' the functor Hom(F, M), and observe that for
any genetic section (T, S) of P, one has that br s = a7’g, and that (flT/S)"p = flT/S.
Applying the functor Homy(—, M) to the isomorphism

Is= & Flars): & OF(T/S)—F(P) ,
(T,9)es (T,S)es

gives the isomorphism

Ds= @ F(brs):F(P)— @ 8F(T/S) ,
(T,S)esS (T,S)eS

for the functor F'. Thus F is rational. 0

7.5. Corollary : The functor DS} . is rational.

tors
Proof: This follows from the fact that, by [2], the image of the subfunctor Ry =
Hom(Rg,Z) of the dual Burnside functor B* is equal to the torsion subfunctor DS},
of D. Hence D{_ is a quotient of Hom(Rg,Z). Since Rq is a rational Z-valued biset

functor, so is its dual, and any quotient of it. 0
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7.6. Corollary : Let P be a finite p-group. Then

Q
Dtors

(P) = (Z/AZ)"" @ (Z/2Z)""

where ap is equal to the number of isomorphism classes of rational irreducible represen-
tations of P whose type is generalized quaternion, and bp is the number of isomorphism
classes of rational irreducible representations of P whose type is cyclic of order at least 3
or semi-dihedral.

Proof: This follows from the structure of the Dade group of groups of normal p-rank 1
(see [8] Theorems 5.4, 6.3, 7.1). 0

Note that Corollary 7.5 is actually more precise, since it gives a generating set
for DS} (P) = (Z/AZ)** @ (Z/2Z)" : if Q has normal p-rank 1, then 9D$ (Q)
is a subgroup of the endo-trivial subgroup of D(Q). In particular D®(ar s)(u) =
Teninfg/s(u) for any genetic section (7', S) of P, and any u € dD$}_(T/S).

Now if @ = T/S is cyclic or generalized quaternion, then dD{_(Q) is generated
by urs = Qg/1, and if @ is semi-dihedral, then 0D} is generated by urs =
Qg1 + Qq/r, where R is a non-central subgroup of @ of order 2. The elements
vr.s = Teninf}, ss(ur,s), for (T, S) in a set S of representatives of equivalence classes
of genetic sections of P for which T'/S is cyclic of order at least 3, or semi-dihedral, or
generalized quaternion, are a set of generators of D{}_.(P), and these elements are as
linearly independent as they can be : the linear combination >  Ap svr,s is zero if

(T,S)es
and only if for any (T, S) € S, the integer A7 g is a multiple of the order of vy g, which
is equal to 4 if T/S is generalized quaternion, and 2 otherwise.
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