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Let ¢(n) denote the number of (oriented) regular n-gons.
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Let ¢(n) denote the number of (oriented) regular n-gons. Equivalently

¢(n) =
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Regular n-gons

Let ¢(n) denote the number of (oriented) regular n-gons. Equivalently

o(n)=[{x|1<x<n, (x,n)=1} .
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Regular n-gons

Let ¢(n) denote the number of (oriented) regular n-gons. Equivalently
o(n)=[{x|1<x<n, (x,n)=1} .

Then
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Regular n-gons

Let ¢(n) denote the number of (oriented) regular n-gons. Equivalently
o(n)=[{x|1<x<n, (x,n)=1} .

Then
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d|n
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Regular n-gons

Let ¢(n) denote the number of (oriented) regular n-gons. Equivalently
o(n)=[{x|1<x<n, (x,n)=1} .

Then
n=>Y ¢(d) .
d|n
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Irreducible polynomials

Let p be a prime number, and [F,, be the field of p elements.
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Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P
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Irreducible polynomials

Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P

n

XP —X =
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Irreducible polynomials

Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P

xP - x=1]
d|n
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Irreducible polynomials

Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P

XP" =X =[] Pa(X) ,
d|n
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Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P
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where Py(X) is the product of all irreducible polynomials of degree d over
Fp.
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Irreducible polynomials

Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P

XP" =X =[] Pa(X) ,
d|n

where Py(X) is the product of all irreducible polynomials of degree d over
Fp. Hence

ph = dip(d)
d|n
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Irreducible polynomials

Let p be a prime number, and [F,, be the field of p elements. Let n € N.

Question : How many irreducible polynomials of degree n are there over
F,?
P

XP" =X =[] Pa(X) ,
d|n

where Py(X) is the product of all irreducible polynomials of degree d over
Fp. Hence

ph = dip(d)
d|n

where 1,(n) is the answer.
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o Let ¢(n) be the number of (oriented) regular n-gons. Then

n=> ¢(d) .
d|n
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o Let ¢(n) be the number of (oriented) regular n-gons. Then

n=> ¢(d) .
d|n

@ Let ¢p(n) be the number of irreducible polynomials of degree n over
Fpy. Then

o =3 dip(d) -
d|n
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Silent musical interlude

A
(]
G#o oA#
GO OB
F#° OC
Fo OC#
Eo OD
o
D#
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Silent musical interlude

Question : How many chords with n different transpositions are there in a
scale with n notes 7
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Silent musical interlude

Question : How many chords with n different transpositions are there in a
scale with n notes 7
2" =
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Silent musical interlude

Question : How many chords with n different transpositions are there in a
scale with n notes 7
oy

d|n
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Silent musical interlude

Question : How many chords with n different transpositions are there in a

scale with n notes ?
2" = "A(d) ,
d|n
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Silent musical interlude

Question : How many chords with n different transpositions are there in a

scale with n notes ?
2" = "A(d) ,
d|n

where y(n) is the answer.
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o Let ¢(n) be the number of (oriented) regular n-gons. Then

n=> ¢(d) .
d|n
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o Let ¢(n) be the number of (oriented) regular n-gons. Then

n=> ¢(d) .
d|n

@ Let ¢p(n) be the number of irreducible polynomials of degree n over
Fpy. Then

b= dup(d) |
d|n
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o Let ¢(n) be the number of (oriented) regular n-gons. Then

n=> ¢(d) .
d|n

@ Let ¢p(n) be the number of irreducible polynomials of degree n over
Fpy. Then

b= dup(d) |
d|n

o Let y(n) be the number of chords with n different transpositions in a
scale with n notes. Then

2"=> "y(d) .
d|n
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In each case we have a known function k(n)
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In each case we have a known function k(n), an unknown function u(n),
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In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)=>_

d|n
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In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d)

d|n
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In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d)

d|n

The general solution of this system of equations
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)=
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Z k(d) ,

d|n
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Y u(n/d)k(d) ,

d|n
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Y u(n/d)k(d) ,

d|n

where p is the Mobius function
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Y u(n/d)k(d) ,

d|n

where p is the Mobius function, defined for n € N by

u(n)={ °
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Y u(n/d)k(d) ,

d|n

where p is the Mobius function, defined for n € N by

0 if 31 >1, 1?|n
u(n)={ |
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Y u(n/d)k(d) ,

d|n

where p is the Mobius function, defined for n € N by

0 if 3/ >1, |n
p(n) = { (—1)"
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Mobius inversion

In each case we have a known function k(n), an unknown function u(n),
and a relation

VneN, k(n)= > u(d) .

d|n

The general solution of this system of equations is called Ma&bius inversion :

VneN, u(n)= Y u(n/d)k(d) ,

d|n

where p is the Mobius function, defined for n € N by

() = 0 if3>1 P|n
HR) = (=1)" where r = !{p | p prime, p | n}| , otherwise.
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August Ferdinand Mobius (1790-1868)
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Applications

@ Euler totient function

¢(n) =D p(n/d)d .
d|n
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Applications

@ Euler totient function

¢(n) =D p(n/d)d .
d|n

@ Number of irreducible polynomials of degree n over F,

Up(n) = - 3 uln/d)p?

dn
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Applications

@ Euler totient function

¢(n) =D p(n/d)d .
d|n

@ Number of irreducible polynomials of degree n over F,

Up(n) = - 3 uln/d)p?

dn

@ Number of chords with n transpositions within n notes

y(n) =Y nu(n/d)2?
d|n
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Applications

@ Euler totient function

¢(n) =D p(n/d)d .
d|n

@ Number of irreducible polynomials of degree n over F,

Up(n) = - 3 uln/d)p?

dn

@ Number of chords with n transpositions within n notes

v(n) = pu(n/d)2? = nio(n) .
d|n
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Other applications
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial (the roots of
®,(X) are the primitive n-th root of unity in C).
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then

X"—1=
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then

X”—l:H

d|n
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then

X" —1=[]®a(X) ,
d|n
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then

X" —1=[]®a(X) ,
d|n

hence
o, (X) = H (X9 — 1)rn/d)
d|n

@ The Riemann ¢ function
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then
X" —1=[]®a(X) ,
d|n

hence

@n(X) = T (X9 = 1)p/) .

d|n

@ The Riemann ( function is defined for s € C with R(s) > 1 by

0
1
o
=1
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Other applications

o Let ®,(X) denote the n-th cyclotomic polynomial. Then
X" —1=[]®a(X) ,
d|n

hence

@n(X) = T (X9 = 1)p/) .

d|n

@ The Riemann ( function is defined for s € C with R(s) > 1 by

1
¢(s) =
n=1
Then for R(s) > 1
1 = u(n)
ORI
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Generalization

o(n) = [x|1<x<n (x.n)=1}
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Generalization

¢(n) = |{x[1<x<n, (x,n) =1}
= |{x€Z/nZ|<x>=17/nZ}| .
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Generalization

¢(n) = |{x[1<x<n, (x,n) =1}
= |{x€Z/nZ|<x>=17/nZ}| .

Let G be a finite group, and m € N.
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Generalization
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Generalization

¢(n) = [{x[1<x<n, (x,n) =1}
= |{x€Z/nZ|<x>=17/nZ}| .

Let G be a finite group, and m € N. Define (P. Hall)
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¢(n) = [{x[1<x<n, (x,n) =1}
= |{x€Z/nZ|<x>=17/nZ}| .

Let G be a finite group, and m € N. Define (P. Hall)
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Generalization

¢(n) = [{x[1<x<n, (x,n) =1}
= |{x€Z/nZ|<x>=17/nZ}| .

Let G be a finite group, and m € N. Define (P. Hall)
om(G) = H(Xl,--- JXm) € G | <x1,- -+ Xm> = G}‘ .
Then

6" =3

H<G
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Generalization

¢(n) = [{x[1<x<n, (x,n) =1}
= |{x€Z/nZ|<x>=17/nZ}| .

Let G be a finite group, and m € N. Define (P. Hall)
om(G) = H(Xl,--- JXm) € G | <x1,- -+ Xm> = G}‘ )
Then
GI™ =Y ém(H) -

H<G
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Maps

Let m,n €N,
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Maps

Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1)
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1)

e When m=n
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1)

@ When m = n, the number of bijective maps m — n is equal to
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1)

@ When m = n, the number of bijective maps m — n is equal to n!.
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1) .

@ When m = n, the number of bijective maps m — n is equal to n!.

@ The number of surjective maps m — n is equal to @

@ Let sy(n) denote the number of surjective maps m — n.
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1) .

@ When m = n, the number of bijective maps m — n is equal to n!.

@ The number of surjective maps m — n is equal to @

@ Let spy(n) denote the number of surjective maps m — n. Then
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Let mne N, leem={1,...,m},andn={1,...,n}. Then:
@ The number of maps m — n is equal to |n|I™ = n™.

@ The number of injective maps m — n is equal to

n(n—1)---(n—m+1) .

@ When m = n, the number of bijective maps m — n is equal to n!.

@ The number of surjective maps m — n is equal to @

@ Let spy(n) denote the number of surjective maps m — n. Then

™ =" "sm(a) .

aCn
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@ Let G be a finite group, and m € N.
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets.
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets. Then

™ = "sn(a) .

aCn
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets. Then

™ = "sn(a) .

aCn

@ In general, there is a (finite) poset (X, <)
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets. Then

™ = "sn(a) .

aCn

@ In general, there is a (finite) poset (X, <), a known function
k: X—17Z
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets. Then

™= "sm(a) .

aCn

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u: X — Z
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So far (continued). ..

@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets. Then

™= "sm(a) .

aCn

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X
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@ Let G be a finite group, and m € N. Then

61" = 3" bm(H) -

H<G

@ Let m and n be finite sets. Then

™= "sm(a) .

aCn

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()=

y<x
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@ Let m and n be finite sets. Then
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aCn

@ In general, there is a (finite) poset (X, <), a known function
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@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x
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@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :
forx e X
u(x) =
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :
forx e X

u(x) = Y ux(y:x) k(y)

y<x
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :
forx e X

u(x) = Y ux(y:x) k(y)

y<x
where pux : X X X — Z
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :
forx e X
u(x) = ux(y, x) k(y)
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <)
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = ux(y, x) k(y)
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
px(y;x) =
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = ux(y, x) k(y)
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
px(y,x) =
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = ux(y, x) k(y)
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
ix(ysx) = 3 (-1

leN
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = ux(y, x) k(y)
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
pux(y,x) = Z (—1)/‘{y =x<x<..<x=x}| .

leN
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x € X
u(x) = D ux(y ) k()
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
pux(y,x) = Z (—1)/‘{y =x<x<..<x=x}| .
IEN
Vy <xeX
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = ux(y, x) k(y)
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
pux(y,x) = Z (—1)/‘{y =x<x<..<x=x}| .

leN

Vy <x € X, Z px(y,z) =
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = D ux(y ) k()
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
pux(y,x) = Z (—1)/‘{y =x<x<..<x=x}| .
IEN
Vy<xeX, Y px(y.z)=
y<z<x
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Mobius-Rota inversion

@ In general, there is a (finite) poset (X, <), a known function
k : X — Z, and an unknown function u : X — Z, such that Vx € X

k()= uly) -

y<x

@ This system of equations can be solved by Mobius-Rota inversion :

for x e X
u(x) = D ux(y ) k()
y<x
where px 1 X x X — Z is the Mobius(-Rota) function of (X, <),
given by
pux(y,x) = Z (—1)/‘{y =x<x<..<x=x}| .
IEN
Vy<xeX, > px(y,z) =0y -
y<z<x
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Gian-Carlo (Juan-Carlos) Rota (1932-1999)
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Applications

o Let (X, <) = (P(n), ).
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

sm(n) =
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(5(G6),<)
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.
Then

¢m(G) =
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.

Then
¢m(G) = Z

H<G
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.
Then

¢m(G): Zu(Hv G)|H|m )

H<G

where (1 = us(c)-
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.
Then
Pm(G) = Z n(H, G)[H|™
H<G
where (1 = us(c)-
@ Special case :
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.

Then
ém(G) = D u(H,G)H|"
H<G
where (1 = us(c)-
@ Special case :
p(n) =
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Applications

o Let (X,<)=(P(n),C). Thenfory CxCn

px(y, x) = (1)

Hence

Sm(n) = f:(—n"—f(’i’) im

i=0

o Let (X, <) =(S(G), <), where S(G) is the set of subgroups of G.
Then
om(G) = ) _ u(H.G)IH|™
H<G
where (1 = us(c)-
@ Special case :
u(n) = p(1,2/n2) .
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

Hence the quotient
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

Hence the quotient
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by

1 u(H, G)
Cols) =L |G HP
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by

1 u(H, G)
Cols) =L |G HP

(by analogy with —) Z
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by

1 u(H, G)
Cols) =L |G HP

The function (g is called the probabilistic zeta function of G (K. Brown).
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by

1 u(H, G)
Cols) =L |G HP

The function (g is called the probabilistic zeta function of G (K. Brown).
When G is solvable
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Applications

Om(G) = Y u(H, G)IH|™ .

H<G

H<G

Hence the quotient

is the probability that a random m-tuple in G generates G.
For s € C, define (g(s) by

1 u(H, G)
Cols) =L |G HP

The function (g is called the probabilistic zeta function of G (K. Brown).
When G is solvable, it can be written as an Eulerian product
(W. Gaschiitz).
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Computing Mobius functions
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Computing Mobius functions

Back to

px(y,x) =
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Computing Mobius functions

Back to

px(y,x) = Y

leN
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Computing Mobius functions

Back to

x(y,x) = Z( 1) |{y_xo<x1< < xp = x}|
leN
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Computing Mobius functions

Back to
MX(Y7X) = Z(—1)/|{y:XO<X]_<...<X/:x}‘
leN
>
IeEN
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Computing Mobius functions

Back to
MX(Y7X) = Z (—1)/|{y:XO<X]_<...<X/:x}‘
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘
IeN
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Computing Mobius functions

Back to
MX(Y7X) = Z (—1)/|{y:XO<X]_<...<X/:x}‘
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘
IeN

More generally, when (Z, <) is a (finite) poset
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Euler-Poincaré characteristic

Back to
px(y,x) = Z(—1)'|{y:xo<x1<...<x,:x}\
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘

IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by
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Euler-Poincaré characteristic

Back to
MX(Y7X) = Z (—1)/|{y:XO<X]_<...<X/:x}‘
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘
IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by

X(2) =
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Euler-Poincaré characteristic

Back to
MX(Y7X) = Z (—1)/|{y:XO<X]_<...<X/:x}‘
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘
IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by

NZ)=-1+>

IeN
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Euler-Poincaré characteristic

Back to
MX(Y7X) = Z (—1)/|{y:XO<X]_<...<X/:x}‘
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘
IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by

X2 = -1+ (-1)

IeN
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Euler-Poincaré characteristic

Back to
MX(Y7X) = Z (—1)/|{y:XO<X]_<...<X/:x}‘
IeEN
= _1+Z(_1)l|{)/<Xo<x1<...<X/<x}‘
IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by

:—1-1—2 {Zo<21< <Z/€Z}|.
leN
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Euler-Poincaré characteristic

Back to
MX(Y7X) = Z(_1)/|{y:X0<X]_<...<X/:x}‘
IeEN
= _1+Z (_1)I|{Y<X0<X1 < ...<X/<X}‘
IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by

:—1—|—Z {Zo<21< <Z/€Z}|.
leN

With this definition
px (v, x) = X (Iy, x[x)
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Euler-Poincaré characteristic

Back to
MX(Y7X) = Z(_1)/|{y:X0<X]_<...<X/:x}‘
IeEN
= _1+Z (_1)I|{Y<X0<X1 < ...<X/<X}‘
IeN

More generally, when (Z, <) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic x(Z) of Z by

Z)y= -1+ (-)V{zn<za<--<zeZ} .
IEN
With this definition
px(y.x) =Xy, x[x) ,
where |y, x[x={z€ X |y <z < x}.
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Homological interpretation
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Homological interpretation

o Let (Z,<) be a (finite) poset.

Serge Bouc (CNRS-LAMFA) Mébius inversion UNAM, August 5, 2011



Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over F
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

CI iy M Go(2) 2 Cy(2) — 0
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <-~-<Z/€Z} ,
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex
CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sdi(Z)={znn<zn<---<z€l},
!

d/(20<21<"'<Z/):Z(f1)i(20<21<"'<2,'<-"<Z/) .
i=0
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex
CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <-~-<Z/€Z} ,
I .
d/(20<21< "'<Z/):Z(f1)’(20<21< "'<2,'<-"<Z/) .
i=0
Moreover C_1(Z) = F
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex
CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <-~-<Z/€Z} ,
I .
d/(20<21< "'<Z/):Z(f1)’(20<21< "'<2,'<-"<Z/) .
i=0
Moreover C_1(Z) =F, and dj is the augmentation.
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

I E(2) G L Go(2) s C(2) — 0

where C/(Z) (I > 0) is the F-vector space with basis

Sd/(Z):{Zo<21 <-~-<Z/€Z} ,

I .
d/(20<21< "'<Z/):Z(f1)’(20<21< "'<2,'<-"<Z/) .
i=0
Moreover C_1(Z) = IF, and dp is the augmentation.
@ The homology groups H;(Z,F) of this complex
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

LI G(2) -t G(2) 2 Ca(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <-~-<Z/€Z} ,
/
d/(20<21< "'<Z/):Z(f1)i(20<21< "'<2,'<-"<Z/) .
i=0
Moreover C_1(Z) = IF, and dp is the augmentation.

@ The homology groups H;(Z,F) of this complex are called the
homology groups of Z over F.
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <---<Z/€Z} ,
/

d/(20<21< "'<Z/):Z(f1)i(20<21< "'<2,'<-"<Z/) .
i=0
Moreover C_1(Z) = IF, and dp is the augmentation.
@ The homology groups H;(Z,F) of this complex are called the
homology groups of Z over F.
@ X(Z) depends only on these groups.
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <---<Z/€Z} ,
/

d/(20<21< "'<Z/):Z(f1)i(20<21< "'<2,'<-"<Z/) .
i=0
Moreover C_1(Z) = IF, and dp is the augmentation.
@ The homology groups H;(Z,F) of this complex are called the
homology groups of Z over F.
@ X(Z) depends only on these groups. More precisely,

X(2) =
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <---<Z/€Z} ,
/

d/(20<21<"'<Z/):Z(f1)i(20<21<"'<2,'<-"<Z/) .
i=0

Moreover C_1(Z) = IF, and dp is the augmentation.

@ The homology groups H;(Z,F) of this complex are called the
homology groups of Z over F.

@ X(Z) depends only on these groups. More precisely,

X(2) = (-1

/
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Homological interpretation

o Let (Z,<) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over IF is the complex

CI iy M Go(2) 2 Cy(2) — 0
where C/(Z) (I > 0) is the F-vector space with basis
Sd/(Z):{Zo<21 <---<Z/€Z} ,
/

d/(20<21<"'<Z/):Z(f1)i(20<21<"'<2,'<-"<Z/) .
i=0

Moreover C_1(Z) = IF, and dp is the augmentation.

@ The homology groups H;(Z,F) of this complex are called the
homology groups of Z over F.

@ X(Z) depends only on these groups. More precisely,

X(2) = > (-1)'dimg H/(Z,F)
i
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Topological interpretation
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <)
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, (a simplicial complex attached to Z).
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
In particular x(Z) =0
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.

In particular \(Z) = 0 when I'(Z) is contractible.
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.

In particular \(Z) = 0 when I'(Z) is contractible.
Example : Let G be a finite group

Serge Bouc (CNRS-LAMFA)

Mobius inversion UNAM, August 5, 2011 23 /26



Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.

In particular \(Z) = 0 when I'(Z) is contractible.
Example : Let G be a finite group, and let H < G.
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.

In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=]H,G[={K|H< K< G}.
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.

In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=|H,G[={K|H< K < G}. Then

u(H, G) =x(2) -
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=|H,G[={K|H< K < G}. Then

u(H, G) =x(2) -

Let ®(G) be the Frattini subgroup of G.
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=|H,G[={K|H< K < G}. Then

u(H, G) =x(2) -

Let ®(G) be the Frattini subgroup of G. If ®(G) & H, then '(Z) is
contractible
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=|H,G[={K|H< K < G}. Then

u(H, G) =x(2) -

Let ®(G) be the Frattini subgroup of G. If ®(G) & H, then '(Z) is
contractible (by K — K®(G) — H®(G))
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=|H,G[={K|H< K < G}. Then

u(H, G) =x(2) -

Let ®(G) be the Frattini subgroup of G. If ®(G) & H, then '(Z) is
contractible (by K — K®(G) — H®(G)), hence u(H, G) = 0.
Thus p(n) = w(1,Z/nZ) = 0 unless ®(Z/nZ) =1
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Topological interpretation

The Euler-Poincaré characteristic x(Z) of a poset (Z, <) depends only on
the geometric realization ['(Z) of Z, up to homotopy.
In particular \(Z) = 0 when I'(Z) is contractible.

Example : Let G be a finite group, and let H < G. Set
Z=|H,G[={K|H< K < G}. Then

u(H, G) =x(2) -

Let ®(G) be the Frattini subgroup of G. If ®(G) & H, then '(Z) is
contractible (by K — K®(G) — H®(G)), hence u(H, G) = 0.

Thus p(n) = w(1,Z/nZ) = 0 unless ®(Z/nZ) =1, i.e. unless Z/nZ is
elementary abelian, i.e. unless n is square free.
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Further generalizations
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets.
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sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

@ When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z

Serge Bouc (CNRS-LAMFA)

Mobius inversion UNAM, August 5, 2011 24 / 26



Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

@ When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined

Serge Bouc (CNRS-LAMFA)

Mobius inversion UNAM, August 5, 2011 24 / 26



Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by

KZ:—].—I—Z

IeN
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by

Az=-1+ Z (-1)

IeN
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@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by

:—1—1—2 Sd/ ,

IeN

where Sd)(Z) ={zp <z <--- <z €Z}
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by

:—1—1—2 Sd/ ,

IeN

where 5d)(Z) ={zp < zn1 < --- < z € Z} € B(G).
o Let (X, <) be a finite G-poset.
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by

:—1—1—2 Sd/ ,

IeN

where 5d)(Z) ={zp < zn1 < --- < z € Z} € B(G).
o Let (X, <) be a finite G-poset. For x,y € X, one defines the Mobius
invariant px(y, x)
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
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@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by
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Serge Bouc (CNRS-LAMFA) M@bius inversion

UNAM, August 5, 2011 24 / 26



Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G-sets ?

@ The ring Z is replaced by the Burnside ring B(G).

e When (Z, <) is a finite G-poset, the (reduced) Lefschetz invariant Az
of Z is the element of B(G) defined (T. tom Dieck, J. Thévenaz) by

=-1 —|—Z Sd/ ,
IeN

where 5d)(Z) ={zp < zn1 < --- < z € Z} € B(G).
o Let (X, <) be a finite G-poset. For x,y € X, one defines the Mdbius
invariant ux(y,x) € B(Gy x) by

/j’X(yvx) = K]y,x[x .
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Applications

@ There is a generalized Mobius inversion associated to these Mobius
invariants.
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Applications

@ There is a generalized Mobius inversion associated to these Mobius
invariants.

@ Topological arguments can be used to compute Lefschetz and Mébius
invariants.

o Lefschetz invariants keep track of much more information than
cardinalities.
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Applications

@ There is a generalized Mobius inversion associated to these Mobius
invariants.

@ Topological arguments can be used to compute Lefschetz and Mébius
invariants.

o Lefschetz invariants keep track of much more information than
cardinalities.

Example : Let G be a finite group. Then pu(1, G)
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Applications

@ There is a generalized Mobius inversion associated to these Mobius
invariants.

@ Topological arguments can be used to compute Lefschetz and Mébius
invariants.

o Lefschetz invariants keep track of much more information than
cardinalities.

Example : Let G be a finite group. Then p(1, G) is a multiple of ‘[G, G]‘
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Example

@ Let G be a finite group, and p be a prime number.
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p)
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G) = As,(6)
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

5tp(G) = As,(6)

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).
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D. Quillen).
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G) = Asp(G) ,

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G) = Asp(G) ,
where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,

D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

e By topological arguments, one can show (Brown) that

%(SP(G)) =0
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G) = Asp(G) ,
where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,

D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

e By topological arguments, one can show (Brown) that

X(sp(G)) =0 mod.|G|, .
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

5tp(G) = As,(6)

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

e By topological arguments, one can show (Brown) that

X(sp(G)) =0 mod.|G|, .

o If 0,(G) #1
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

5tp(G) = As,(6)

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

e By topological arguments, one can show (Brown) that

X(sp(G)) =0 mod.|G|, .

o If 05(G) # 1, then I'(s,(G)) is contractible.
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

5tp(G) = As,(6)

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

By topological arguments, one can show (Brown) that

X(sp(G)) =0 mod.|G|, .

If Op(G) # 1, then ['(sp(G)) is contractible.

Conjecture (Quillen) :
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G) = Asp(G) ,

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

By topological arguments, one can show (Brown) that

f(sp(G)) =0 mod.|G|, .

If Op(G) # 1, then ['(sp(G)) is contractible.
Conjecture (Quillen) : if [(s,(G)) is contractible
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@ Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G) = Asp(G) ,

where s,(G) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

@ Generalized Mobius inversion yields a simple proof of the Steinberg
inversion formula.

By topological arguments, one can show (Brown) that

f(sp(G)) =0 mod.|G|, .

If Op(G) # 1, then ['(sp(G)) is contractible.
Conjecture (Quillen) : if [(s,(G)) is contractible, then O,(G) # 1.
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