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Regular n-gons

Let φ(n) denote the number of (oriented) regular n-gons. Equivalently

φ(n) =
∣∣{x | 1 ≤ x ≤ n, (x , n) = 1}

∣∣ .
Then

n =
∑
d |n

φ(d) .
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Irreducible polynomials

Let p be a prime number, and Fp be the field of p elements. Let n ∈ N.
Question : How many irreducible polynomials of degree n are there over
Fp ?

X pn − X =
∏
d |n

Pd(X ) ,

where Pd(X ) is the product of all irreducible polynomials of degree d over
Fp. Hence

pn =
∑
d |n

dψp(d) ,

where ψp(n) is the answer.
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 7 / 26



Silent musical interlude
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 7 / 26



Silent musical interlude
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Silent musical interlude

Question : How many chords with n different transpositions are there in a
scale with n notes ?

2n =
∑
d |n

γ(d) ,

where γ(n) is the answer.
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In each case we have a known function k(n), an unknown function u(n),
and a relation

∀n ∈ N, k(n) =
∑
d |n

u(d) .

The general solution of this system of equations is called Möbius inversion :

∀n ∈ N, u(n) =
∑
d |n

µ(n/d)

k(d) ,

where µ is the Möbius function, defined for n ∈ N by

µ(n) =

{
0 if ∃l > 1, l2 | n

(−1)r where r =
∣∣{p | p prime, p | n}

∣∣ , otherwise.
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August Ferdinand Möbius (1790-1868)
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Applications

Euler totient function

φ(n) =
∑
d |n

µ(n/d)d .

Number of irreducible polynomials of degree n over Fp

ψp(n) =
1

n

∑
d |n

µ(n/d)pd .

Number of chords with n transpositions within n notes

γ(n) =
∑
d |n

µ(n/d)2d = nψ2(n) .
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Other applications

Let Φn(X ) denote the n-th cyclotomic polynomial. Then

X n − 1 =
∏
d |n

Φd(X ) ,

hence
Φn(X ) =

∏
d |n

(X d − 1)µ(n/d) .

The Riemann ζ function is defined for s ∈ C with <(s) > 1 by

ζ(s) =
∞∑

n=1

1

ns
.

Then for <(s) > 1

1

ζ(s)
=

∞∑
n=1

µ(n)

ns
.
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 13 / 26



Other applications

Let Φn(X ) denote the n-th cyclotomic polynomial. Then

X n − 1 =
∏
d |n

Φd(X ) ,

hence
Φn(X ) =

∏
d |n

(X d − 1)µ(n/d) .

The Riemann ζ function is defined for s ∈ C with <(s) > 1 by

ζ(s) =
∞∑

n=1

1

ns
.

Then for <(s) > 1

1

ζ(s)
=

∞∑
n=1

µ(n)

ns
.
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Generalization

φ(n) =
∣∣{x | 1 ≤ x ≤ n, (x , n) = 1}

∣∣
=

∣∣{x ∈ Z/nZ | <x> = Z/nZ}
∣∣ .

Let G be a finite group, and m ∈ N. Define (P. Hall)

φm(G ) =
∣∣{(x1, · · · , xm) ∈ Gm | <x1, · · · , xm> = G}

∣∣ .
Then

|G |m =
∑
H≤G

φm(H) .
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 14 / 26



Generalization

φ(n) =
∣∣{x | 1 ≤ x ≤ n, (x , n) = 1}

∣∣
=

∣∣{x ∈ Z/nZ | <x> = Z/nZ}
∣∣ .

Let G be a finite group, and m ∈ N. Define (P. Hall)

φm(G ) =
∣∣{(x1, · · · , xm) ∈ Gm | <x1, · · · , xm> = G}

∣∣ .

Then
|G |m =

∑
H≤G

φm(H) .
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Maps

Let m, n ∈ N, let m = {1, . . . ,m}, and n = {1, . . . , n}. Then :

The number of maps m → n is equal to |n||m| = nm.

The number of injective maps m → n is equal to

n(n − 1) · · · (n −m + 1) .

When m = n, the number of bijective maps m → n is equal to n!.

The number of surjective maps m → n is equal to . . .

Let sm(n) denote the number of surjective maps m → n. Then

|n||m| =
∑
a⊆n

sm(a) .

Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 15 / 26



Maps

Let m, n ∈ N,

let m = {1, . . . ,m}, and n = {1, . . . , n}. Then :

The number of maps m → n is equal to |n||m| = nm.

The number of injective maps m → n is equal to

n(n − 1) · · · (n −m + 1) .

When m = n, the number of bijective maps m → n is equal to n!.

The number of surjective maps m → n is equal to . . .

Let sm(n) denote the number of surjective maps m → n. Then

|n||m| =
∑
a⊆n

sm(a) .

Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 15 / 26



Maps

Let m, n ∈ N, let m = {1, . . . ,m}

, and n = {1, . . . , n}. Then :

The number of maps m → n is equal to |n||m| = nm.

The number of injective maps m → n is equal to

n(n − 1) · · · (n −m + 1) .

When m = n, the number of bijective maps m → n is equal to n!.

The number of surjective maps m → n is equal to . . .

Let sm(n) denote the number of surjective maps m → n. Then

|n||m| =
∑
a⊆n

sm(a) .
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So far (continued). . .

Let G be a finite group, and m ∈ N. Then

|G |m =
∑
H≤G

φm(H) .

Let m and n be finite sets. Then

|n||m| =
∑
a⊆n

sm(a) .

In general, there is a (finite) poset (X ,≤), a known function
k : X → Z, and an unknown function u : X → Z, such that ∀x ∈ X

k(x) =
∑
y≤x

u(y) .
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In general, there is a (finite) poset (X ,≤), a known function
k : X → Z, and an unknown function u : X → Z, such that ∀x ∈ X

k(x) =
∑
y≤x

u(y) .

This system of equations can be solved by Möbius-Rota inversion :
for x ∈ X

u(x) =
∑
y≤x

µX (y , x)

k(y) ,

where µX : X × X → Z is the Möbius(-Rota) function of (X ,≤),
given by

µX (y , x) =
∑
l∈N

(−1)l
∣∣{y = x0 < x1 < . . . < xl = x}

∣∣ .
∀y ≤ x ∈ X ,

∑

y≤z≤x

µX (y , z) = δy ,x .
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Applications

Let (X ,≤) = (P(n),⊆). Then for y ⊆ x ⊆ n

µX (y , x) = (−1)|x−y | .

Hence

sm(n) =
n∑

i=0

(−1)n−i

(
n

i

)
im .

Let (X ,≤) = (S(G ),≤), where S(G ) is the set of subgroups of G .
Then

φm(G ) =
∑
H≤G

µ(H,G )|H|m ,

where µ = µS(G).

Special case :
µ(n) = µ(1,Z/nZ) .

Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 19 / 26



Applications

Let (X ,≤) = (P(n),⊆).

Then for y ⊆ x ⊆ n

µX (y , x) = (−1)|x−y | .

Hence

sm(n) =
n∑

i=0

(−1)n−i

(
n

i

)
im .

Let (X ,≤) = (S(G ),≤), where S(G ) is the set of subgroups of G .
Then

φm(G ) =
∑
H≤G

µ(H,G )|H|m ,

where µ = µS(G).

Special case :
µ(n) = µ(1,Z/nZ) .
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 19 / 26



Applications

Let (X ,≤) = (P(n),⊆). Then for y ⊆ x ⊆ n

µX (y , x) = (−1)|x−y | .

Hence

sm(n) =
n∑

i=0

(−1)n−i

(
n

i

)
im .

Let (X ,≤) = (S(G ),≤), where S(G ) is the set of subgroups of G .
Then

φm(G ) =
∑
H≤G

µ(H,G )|H|m ,

where µ = µS(G).

Special case :

µ(n) = µ(1,Z/nZ) .
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Applications

φm(G ) =
∑
H≤G

µ(H,G )|H|m .

Hence the quotient
φm(G )

|G |m
=

∑
H≤G

µ(H,G )

|G : H|m

is the probability that a random m-tuple in G generates G .
For s ∈ C, define ζG (s) by

1

ζG (s)
=

∑
H≤G

µ(H,G )

|G : H|s

.

The function ζG is called the probabilistic zeta function of G (K. Brown).
When G is solvable, it can be written as an Eulerian product
(W. Gaschütz).
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=
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is the probability that a random m-tuple in G generates G .
For s ∈ C, define ζG (s) by

1

ζG (s)
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H≤G

µ(H,G )
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(by analogy with 1
ζ(s) =

∞∑
n=1

µ(n)
ns ).
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 20 / 26



Applications

φm(G ) =
∑
H≤G

µ(H,G )|H|m .

Hence the quotient
φm(G )

|G |m
=

∑
H≤G

µ(H,G )

|G : H|m

is the probability that a random m-tuple in G generates G .
For s ∈ C, define ζG (s) by

1

ζG (s)
=

∑
H≤G

µ(H,G )

|G : H|s
.

The function ζG is called the probabilistic zeta function of G (K. Brown).
When G is solvable, it can be written as an Eulerian product
(W. Gaschütz).
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Computing Möbius functions

Back to

µX (y , x) =
∑
l∈N

(−1)l
∣∣{y = x0 < x1 < . . . < xl = x}

∣∣
= −1 +

∑
l∈N

(−1)l
∣∣{y < x0 < x1 < . . . < xl < x}

∣∣
More generally, when (Z ,≤) is a (finite) poset, define the (reduced)
Euler-Poincaré characteristic χ̃(Z ) of Z by

χ̃(Z ) = − 1 +
∑
l∈N

(−1)l
∣∣{z0 < z1 < · · · < zl ∈ Z}

∣∣ .
With this definition

µX (y , x) = χ̃
(
]y , x [X

)
,

where ]y , x [X= {z ∈ X | y < z < x}.
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Euler-Poincaré characteristic

Back to

µX (y , x) =
∑
l∈N

(−1)l
∣∣{y = x0 < x1 < . . . < xl = x}

∣∣
= −1 +

∑
l∈N

(−1)l
∣∣{y < x0 < x1 < . . . < xl < x}

∣∣
More generally, when (Z ,≤) is a (finite) poset, define the (reduced)
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Homological interpretation

Let (Z ,≤) be a (finite) poset. When F is a field, the (reduced) chain
complex of Z over F is the complex

· · · dl+1−→ C̃l(Z )
dl−→ . . .

d1−→ C̃0(Z )
d0−→ C̃−1(Z ) −→ 0 ,

where C̃l(Z ) (l ≥ 0) is the F-vector space with basis

Sdl(Z ) = {z0 < z1 < · · · < zl ∈ Z} ,

dl(z0 < z1 < · · · < zl) =
l∑

i=0

(−1)i (z0 < z1 < · · · < ẑi < · · · < zl) .

Moreover C̃−1(Z ) = F, and d0 is the augmentation.
The homology groups H̃l(Z ,F) of this complex are called the
homology groups of Z over F.
χ̃(Z ) depends only on these groups. More precisely,

χ̃(Z ) =
∑

l

(−1)l dimF H̃l(Z ,F)
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Topological interpretation

The Euler-Poincaré characteristic χ̃(Z ) of a poset (Z ,≤) depends only on
the geometric realization Γ(Z ) of Z , up to homotopy.
In particular χ̃(Z ) = 0 when Γ(Z ) is contractible.

Example : Let G be a finite group, and let H ≤ G . Set
Z =]H,G [= {K | H < K < G}. Then

µ(H,G ) = χ̃(Z ) .

Let Φ(G ) be the Frattini subgroup of G . If Φ(G ) � H, then Γ(Z ) is
contractible (by K 7→ KΦ(G ) 7→ HΦ(G )), hence µ(H,G ) = 0.
Thus µ(n) = µ(1,Z/nZ) = 0 unless Φ(Z/nZ) = 1, i.e. unless Z/nZ is
elementary abelian, i.e. unless n is square free.
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 23 / 26



Topological interpretation

The Euler-Poincaré characteristic χ̃(Z ) of a poset (Z ,≤) depends only on
the geometric realization Γ(Z ) of Z , up to homotopy.
In particular χ̃(Z ) = 0 when Γ(Z ) is contractible.

Example : Let G be a finite group, and let H ≤ G . Set
Z =]H,G [= {K | H < K < G}. Then

µ(H,G ) = χ̃(Z ) .

Let Φ(G ) be the Frattini subgroup of G . If Φ(G ) � H, then Γ(Z ) is
contractible (by K 7→ KΦ(G ) 7→ HΦ(G )), hence µ(H,G ) = 0.
Thus µ(n) = µ(1,Z/nZ) = 0 unless Φ(Z/nZ) = 1

, i.e. unless Z/nZ is
elementary abelian, i.e. unless n is square free.
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Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G -sets ?

The ring Z is replaced by the Burnside ring B(G ).

When (Z ,≤) is a finite G -poset, the (reduced) Lefschetz invariant Λ̃Z

of Z is the element of B(G ) defined (T. tom Dieck, J. Thévenaz) by

Λ̃Z = −1 +
∑
l∈N

(−1)lSdl(Z ) ,

where Sdl(Z ) = {z0 < z1 < · · · < zl ∈ Z} ∈ B(G ).

Let (X ,≤) be a finite G -poset. For x , y ∈ X , one defines the Möbius
invariant µX (y , x) ∈ B(Gy ,x) by

µX (y , x) = Λ̃]y ,x[X .
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Λ̃Z = −1 +
∑
l∈N

(−1)lSdl(Z ) ,

where Sdl(Z ) = {z0 < z1 < · · · < zl ∈ Z} ∈ B(G ).

Let (X ,≤) be a finite G -poset. For x , y ∈ X , one defines the Möbius
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 24 / 26



Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G -sets ?

The ring Z is replaced by the Burnside ring B(G ).

When (Z ,≤) is a finite G -poset

, the (reduced) Lefschetz invariant Λ̃Z

of Z is the element of B(G ) defined (T. tom Dieck, J. Thévenaz) by
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 24 / 26



Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G -sets ?

The ring Z is replaced by the Burnside ring B(G ).

When (Z ,≤) is a finite G -poset, the (reduced) Lefschetz invariant Λ̃Z

of Z is the element of B(G ) defined (T. tom Dieck, J. Thévenaz) by
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Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 24 / 26



Further generalizations

Cardinality of a finite set = isomorphism class in the category sets of finite
sets. In other words Z is the Grothendieck ring of sets.
What if sets is replaced by G -sets ?

The ring Z is replaced by the Burnside ring B(G ).

When (Z ,≤) is a finite G -poset, the (reduced) Lefschetz invariant Λ̃Z

of Z is the element of B(G ) defined (T. tom Dieck, J. Thévenaz) by
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Applications

There is a generalized Möbius inversion associated to these Möbius
invariants.

Topological arguments can be used to compute Lefschetz and Möbius
invariants.

Lefschetz invariants keep track of much more information than
cardinalities.

Example : Let G be a finite group. Then µ(1,G ) is a multiple of
∣∣[G ,G ]

∣∣.
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invariants.

Topological arguments can be used to compute Lefschetz and Möbius
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invariants.

Topological arguments can be used to compute Lefschetz and Möbius
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Example

Let G be a finite group, and p be a prime number. The Steinberg
invariant of G (at p) is defined by

Stp(G ) = Λ̃sp(G) ,

where sp(G ) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).

Generalized Möbius inversion yields a simple proof of the Steinberg
inversion formula.

By topological arguments, one can show (Brown) that

χ̃
(
sp(G )

)
≡ 0 mod .|G |p .

If Op(G ) 6= 1, then Γ
(
sp(G )

)
is contractible.

Conjecture (Quillen) : if Γ
(
sp(G )

)
is contractible, then Op(G ) 6= 1.

Serge Bouc (CNRS-LAMFA) Möbius inversion UNAM, August 5, 2011 26 / 26



Example

Let G be a finite group, and p be a prime number.

The Steinberg
invariant of G (at p) is defined by

Stp(G ) = Λ̃sp(G) ,

where sp(G ) is the poset of non-trivial p-subgroups of G (K. Brown,
D. Quillen).
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