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ABSTRACT : In this paper, I show that if p is an odd prime, and if P is a finite p-group,
then there exists an exact sequence of abelian groups

0—T(P)—~D(P)— lim D(Np(Q)/Q) — H'(As2(P),2)" .
1<Q<LP

where D(P) is the Dade group of P and T'(P) is the subgroup of endo-trivial modules.
Here lim D(N p(Q)/ Q) is the group of sequences of compatible elements in the
1<Q<P
Dade groups D(Np(Q)/Q) for non trivial subgroups @ of P. The poset A>2(P) is
the set of elementary abelian subgroups of rank at least 2 of P, ordered by inclusion.
The group Hl(AZQ(P),Z)(P) is the subgroup of H'(A>2(P),Z) consisting of classes
of P-invariant 1-cocycles.

A key result to prove that the above sequence is exact is a characterization of
elements of 2D(P) by sequences of integers, indexed by sections (T, S) of P such that
T/S = (Z/pZ)?, fulfilling certain conditions associated to subquotients of P which are
either elementary abelian of rank 3, or extraspecial of order p? and exponent p.
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Abstract : In this paper, I show that if p is an odd prime, and if P is a finite p-group, then there
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of order p? and exponent p.
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1. Introduction

The classification of all endo-permutation modules for finite p-groups has been com-
pleted recently, thanks to the work of several authors (see in particular [1], [11], [12],
[5], [3]). This paper addresses the question of gluing arbitrary endo-permutation mod-
ules, and it is intended to be a complement to our previous joint work with Jacques
Thévenaz ([7]), where the case of torsion endo-permutation modules was handled.

The gluing problem is the following : let p be an odd prime, let P be a finite p-
group, and let k be a field of characteristic p. If v is an element of the Dade group
D(P) of endo-permutation kP-modules, and if @) is a non trivial subgroup of P, denote
by vg the image of v by the deflation-restriction map DefresﬁP(Q)/Q. Then the vg’s
are subject to some obvious compatibility conditions. Conversely, if @) is a non-trivial
subgroup of P, let ug be an element of the Dade group Dy, (NP(Q)/Q), and assume
that these compatibility conditions between the ug’s are fulfilled. Is there an element
u € D(P) such that for any non trivial subgroup @ of P

DefresﬁP(Q)/Q(u) =ug 7

Such an element w is called a solution to the gluing problem for the gluing data (ug)1<g<p-

When P is abelian, the gluing problem was completely solved by Puig [16] (see also
Lemma 2.3 below), and he used the result to construct suitable stable equivalences
between blocks.

The main result of the present paper is that if p is an odd prime, and if P is a finite
p-group, then there exists an exact sequence of abelian groups

0 — T(P) — D(P) — lim D(Np(Q)/Q) 5 H'(As2(P),2)"
1<Q<P



where D(P) is the Dade group of P and T'(P) is the subgroup of endo-trivial modules.

Here (h_m D(NP(Q)/Q) is the group of gluing data for P, i.e. the group of sequences
1<Q<P

of compatible elements in the Dade groups D(N p(Q) /Q) for non trivial subgroups

Q@ of P. The poset As>2(P) is the set of elementary abelian subgroups of rank at

least 2 of P, ordered by inclusion. The group H' (Azg(P),Z)(P) is the subgroup of

H'(A>2(P),Z) consisting of classes of P-invariant 1-cocycles.

The main consequence of this result is that if H'(A>2(P),Z) = {0}, then the
gluing problem always has a solution. Unfortunately, the map hp is not surjective in
general, so when H'(A>2(P),Z) # {0}, not much can be said at the time for the
gluing problem. In Section 6, the example of the extraspecial group of order p°® and

exponent p is described in details. In this case, the group H' (AZQ(P),Z)(P) is a free
group of rank p*, and the image of hp has finite index in this group. In particular it is
non zero, and the gluing problem does not always have a solution.

It could be true in general that hp always has finite cokernel, and this would be
enough to show that if Hl(AZQ(P),Z)(P) # {0}, then the image of hp is non zero,
hence that the gluing problem does not always have a solution : it is known indeed that
the group H*! (AZQ(P), Z)(P) is a free abelian group, since the poset A>o(P) has the
homotopy type of a wedge of spheres (see [8]).

1.1. Notation. Throughout this paper, the symbol p denotes an odd prime number,
and P denotes a finite p-group. Inclusion of subgroups will be denoted by <, and strict
inclusion by <. Inclusion up to P-conjugation will be denoted by <p.

A section (T, S) of P is a pair of subgroups of P with S < T'. The factor group 7'/S
is the corresponding subquotient of P. If (T, S) is a section of P, then Np (T, .S) denotes
NP(T) n NP(S)

A class Y of p-groups is said to be closed under taking subquotients if for any Y € )
and any section (T,S) of Y, any group isomorphic to T'/S belongs to Y. If Y is such
a class, and P is a finite p-group, let Y(P) be the set of sections (T, .5) of P such that
T/S €.

The symbol X3 denotes an extraspecial p-group of order p® and exponent p. The
symbol X3 denotes the class of p-groups which are either elementary abelian of rank at
most 3, or isomorphic to X,s. Thus, the symbol X3(P) denotes the set of sections (7, .5)
of P such that T'/S is elementary abelian of rank at most 3, or isomorphic to X,s. Let
moreover £5(P) denote the set of sections (T, S) of P such that T/S = (Z/pZ)2.

If P is a finite p-group, and k is a field of characteristic p, let D(P) denote the Dade
group of endo-permutation kP-modules. The field £ does not appear in this notation,
because it turns out that D(P) is independent of k, at least when p is odd (see [3]
Theorem 9.5 for details).

When (T,S) is a section of P, there is a deflation-restriction map Defresi/s :
D(P) — D(T/S), which is the group homomorphism obtained by composing the re-
striction map Resk. : D(P) — D(T), followed by the deflation map Defg/s : D(T) —
D(T/S).

Recall that if X is a finite P-set, there is a corresponding element 2x of the Dade
group of P, called the syzygy of the trivial module relative to X (or the X-relative
syzygy for short) : it is defined as the class of the kernel of the augmentation map
kX — k when this does make sense, and by 0 otherwise (see e.g. [2] for details). When
X is the set P itself, on which P acts by multiplication, the corresponding element will
be denoted by Qp/q or Qp.



1.2. Contents. This paper is organized as follows :

e In Section 2, I state the main theorem (Theorem 2.15), and this requires in par-
ticular the definition of some objects and maps between them.

e Section 3 recalls some notation on biset functors, forgetful functors between cat-
egories of biset functors, and corresponding adjoint functors.

e Section 4 is devoted to the main tool (Theorem 4.5) used in the proof of Theo-
rem 2.15, namely a characterization by linear equations of the image of the group
2D(P) by the deflation-restriction maps to all subquotients 7'/.S of P which are el-
ementary abelian of rank 2. This characterization may be a result of independent
interest.

e Section 5 exposes the proof of Theorem 2.15.

e Finally, Section 6 focuses on the example of the extraspecial p-group of order p°
and exponent p : the reason for choosing this particular group is twofold : it is
is one of the smallest p-groups P for which H*(A>4(P),Z) # {0}, and moreover
the Dade group of this p-group is rather well known, thanks to our joint work
with Nadia Mazza ([5]).

2. Statement of the main theorem

2.1. Notation. If P is a finite p-group, then A>2(P) denotes the poset of elementary
abelian subgroups of P of rank at least 2. Let A_o(P) denote the set of elementary
abelian subgroups of rank 2 of P.

Recall that if the p-rank of P is at least equal to 3, then all the elementary abelian
subgroup of P of rank at least 3 are in the same connected component of A>o(P). This
component is called the big component. It is obviously invariant under P-conjugation.
Each of the other connected components, if there are any, consists of a single maximal
elementary abelian subgroup of rank 2.

2.2. Notation.  Denote by lim D(Np(Q)/Q) the set of sequences (uq)i<q<ps
1<Q<P
indexed by non trivial subgroups of P, where ug € D(NP(Q)/Q), such that :

o Ifx € P, then “ug = u=q.

o If Q) 4R, then Defresxigg?l/g/RUQ = Res%igg?gfmm'

Denote by rp + D(P) —  lim D(Np(Q)/Q) the map sending v € D(P) to the
1<Q<P
sequence (DefresﬁP(Q)/Qv)1<Q§p.
If E is an abelian p-group, denote by o the map  lim D(E/F) — D(FE) defined
1<F<E
by
op(u) = — Z ,u(l,F)Infg/FuF ,
1<F<E
where 1 is the Mdbius function of the poset of subgroups of P.
It has been shown by Puig ([15] 2.1.2) that the kernel of rp is equal to the group
T(P) of endo-trival modules. Moreover, when E is an abelian group, the map rg is
surjective ([16] Proposition 3.6). More precisely :



2.3. Lemma. Let E be an abelian p-group. Then op is a section of rg, i.e. rgog is
equal to the identity map of lim D(E/F).

1<F<E
Proof. Let 1 < G < E. Then

Defg/GJE(u) = - Z u(l,F)Defg/GInig/FuF
1<F<E
E/G E/F
= — Z w(1, )InfE/FGDefE/FGuF
1<F<E
= - Z (1, F)InfE/FGuFG
1<F<E

= = Y (Y wP)mfGur .

G<R<E 1<F<R

FG=R
Now if G < R
> ow,F)= > u,F),
1<F<R 1<F<R
FG=R FG=R
and this is equal to zero, by a classical combinatorial lemma, since G # 1. And if
G=R
S WLE) =)+ Y u(F) = L.
1<F<R 1<F<R
FG=R
E E/G
Thus Defp cor(u) = Inf) Gue = ug, as was to be shown. 0

2.4. Lemma. Let E be an elementary abelian group of rank at least 2. Then the map rg
is surjective, and its kernel is the free abelian group of rank one generated by Qg ;.

Proof. The kernel of rg is the group T(F) of endo-trivial modules. Since E is ele-
mentary abelian, this group is free of rank one, generated by Qg/;, by Dade’s Theorem
([13] [14]). The surjectivity of rg follows from Lemma 2.3. 0

2.5. Restriction and conjugation. The following construction has been introduced

in [7], for the torsion subgroup of the Dade group, but it works as well for the whole Dade

group : let P be a finite p-group, and H be a subgroup of P. If u € lim D(NP(Q)/Q),
1<Q<P

then the sequence (vg)1<g<p defined by

«(@)/Q
= Resyo () QuQ

is an element of  lim D(NH(Q)/Q)7 denoted by Resﬁu. The map u Resflu

1<Q<H
is a linear map  lim D(Np(Q)/Q) to lim D(Ng(Q)/Q). The following is the
15Q<P 1<Q<Q

analogue of Lemma 2.4 of [7] :



2.6. Lemma. Let H be a subgroup of P. The diagram

D(P) —T— lm D(Np(Q)/Q)
1<Q<P

18 commutative.

Proof. This is straightforward. 0
Similarly, if * € P, denote by ¢,z : D(H) — D(®H) the conjugation by z,

sending v to *v. If u € lim D(Ng(Q)/Q), then the sequence (vgp)i<pr<ep de-

1<Q<H

fined by vg = ¢y ge(ups) is an element of  lim D(N-g(R)/R), that will be de-
1<R<*H

noted by “u. The assignment u — “u is a linear map from  lim D(Nu(Q)/Q) to

1<Q<H
lim D(N=g(R)/R), also denoted by ¢, ;7. Then :
1<R<*H

2.7. Lemma. Let H be a subgroup of P, and let E be an abelian subgroup of P. The
following diagrams are commutative :

D) —"~ lm  D(Nu(Q)/Q) D(E)<Z— lim D(E/R)
1<Q<H 1<R<E
Cz,HL CoH Cz,EL icz,E
D(*H) "~ lim D(N-y(R)/R) D(*E)<—"- lim D(E/R)
1<R<*H 1<R<°E
Proof. This is also straightforward. 0

2.8. Construction of a map. Let E and F be elements of A>5(P) such that £ < F.

Ifve lim D(Np(Q)/Q), consider the element
1<Q<P

dg.r = ResgapResgv — aEResgv
of D(E). Then by Lemma 2.4 and Lemma 2.3

rg(depr) = TEReSEUFReSII;v — TEJEResgv
ResgrpapResﬁv — rEaERes];v
= RengeSIFDv — Resgv =0.

By Lemma 2.4, there exists a unique integer wg g such that

dp,r =wpr Qg -



If x € P, then it is clear from Lemma 2.7 that “dg p = d=g,«r, and it follows that
w=p «p = wg,p. Moreover, if E, F,G € A>2(P) with E < F < G, then

dp.r 4 Reshdre = dp.a ,

hence wg r + wre = wg.g. In other words the function sending the pair (E, F) of
elements of A>o(P), with E' < F, to wg r, is a P-invariant 1-cocycle on Axo(P), with
values in Z :

2.9. Notation. Let P be a finite p-group. A P-invariant 1-cocycle on Axq(P), with
values in Z, is a function sending a pair (E, F) of elements of A>a2(P), with E < F, to
an integer wg, F, with the following two properties :

1. Ift € P and E < F in A>o(P), then w=g, -p = Wg,F.

2. IfE <F<Gin AZQ(P), then WE F + WpGg = WE,G-
P
The set (Zl (AZQ(P))) of P-invariants 1-cocycles is a group for addition of functions.

p P
Denote by (B1 (AZQ(P))) the subgroup of (Z1 (AZQ(P))) consisting of cocy-

cles w for which there exists a P-invariant function E — mg from As2(P) to Z such
that
VE < F € AZQ(P), Wg,p=Mp —MEg .

Denote by H'(As2(P), Z)(P) the factor group (Zl (AZQ(P))) P/ (Bl (AZQ(P))) !

P
2.10. Remark: One can show that the group (Bl (AZQ(P))) is also equal to the set

P
of elements w of (Z ! (AZQ(P))) for which there exists a (not necessarily P-invariant)

function E +— mpg such that wg p = mp — mpg for any E < F in Aso(P). This
is because if E < F in A>o(P), then E and F are the “big component”, which is
P-invariant. Since w is P-invariant, it follows that the function

r€Pr— m«p—mg

does not depend on the choice of F/, and that it is a group homomorphism from P to Z
(i.e. an element of H'(P,Z)). There are no non zero such homomorphisms, so m is
actually P-invariant.

2.11. Remark: On the other hand, one can consider the ordinary first cohomology
group H' (A>5(P),Z) of A>2(P) over Z, which is defined similarly to H* (A>2(P), Z) )
but forgetting all conditions of P-invariance. Then the group P acts on H'! (AZQ(P), Z),
and it follows from Remark 2.10 that H! (AZQ(P),Z)(P) is a subgroup of the group

! (.Azg(P), Z)P of P-invariant elements in H'! (AZQ(P)’ Z). It might happen however
that this inclusion is proper : an argument similar to the one used in Remark 2.10
yields an element in H?(P,Z), and this group need not be zero.

2.12. Notation. Let P be a finite p-group. Denote by

hp: lm D(Np(Q)/Q) — H' (Asa(P),Z)"
1<Q<LP



the map sending v €  lim D(Np(Q)/Q) to the class of the 1-cocycle w defined by the
1<Q<P
following equality, for E < F in A>o(P) :

(2.13) wgF Qg = ReshopResbv — opResbo .

2.14. Proposition. Let P be a finite p-group. Then hp is a group homomorphism,
and the composition

D(P) "% lim D(Np(Q)/Q) % H'(As2(P),z)"”

1<Q<P
s equal to 0.

Proof. Clearly, the definition of hp implies that it is a group homomorphism. Observe
next that for any E € Asq(P), since rgog is the identity map, the image of the map
opre — ldpg) is contained in the kernel of 7g. By Lemma 2.4, it follows that there is
a unique linear form sg on D(FE), with values in Z, such that

O'ETE(U) = U+SE(’LL) . QE/I s

for any v € D(FE). By Lemma 2.7, this definition clearly implies that if € P, then
sep(*u) = sp(u), for any u € D(E).
Now if E < F'in A>9(P), and if v = rp(t), for t € D(P), Equation 2.13 becomes
WE F * QE/l = RGSEUFRGSETp(t) - O’ERGSETP(t)
= ResgoerResgt — UETEResgt (by Lemma 2.6)
= Resy(Respt + sp(Respt) - Qp/1) — (Resht + sp(Respt) - Qp/1)
= (SF(Resgt) - sE(Resgt)) Qg -

Setting mp = sg(Reskt), for E € Aso(P), yields

Wg,F =Mp —MEg ,

P
hence w € (31 (AZQ(P))) (the P-invariance of m follows easily from the above re-
mark, or from Remark 2.10). Thus hprp(u) = 0, as was to be shown. 0

The main theorem of this paper is the following :

2.15. Theorem. Let P be a finite p-group. Then the sequence of abelian groups

0 — T(P) — D(P) "% lim D(Np(Q)/Q) % H'(As2(P),Z)"”

1<Q<LP

18 exact.

The key point in this theorem is to show that the kernel of hp is equal to the image
of rp. This will be done in two steps : first take an element u € Ker hp, and show that
2u €Erp (2D(P)). This amounts to replacing D by 2D, which is easier to handle, since
it is torsion free. Next, write 2u = rp(2v), for some v € D(P). Then u — rp(v) is an
element in  lim Dy (Np(Q)/Q), and it has been shown in [7] that such a sequence

1<Q<P
of compatible torsion elements can always be glued (i.e. it always lies in rp (D(P))7
though possibly not in rp (Dt(P))).



3. Biset functors

The main ingredient in the proof of Theorem 2.15 is the formalism of biset functors.
A short exposition of the notation and main results on this subject can be found in
Section 2 of [9], Section 3 of [4], or Section 3 of [3].

Recall in particular that if (T, S) is a section of the group P, and if M is a biset
functor, then the set P/S is a (P, T/S)-biset, and the corresponding induction-inflation
morphism

M(P/S): M(T/S) — M(P)
is denoted by Indinf? /s- Similarly, the set S\ P is a (T'/S, P)-biset, and the correspond-
ing deflation-restriction map

M(S\P) : M(P) — M(T/S)

is denoted by Defresh. /-

This notation was already used for the Dade group, and it is coherent : it was
shown more generally in [6] that, if P and @ are finite p-groups, and U is a finite
(Q, P)-biset, one can define a natural group homomorphism D(U) : D(P) — D(Q).
This construction yields a structure of biset functor on the correspondence sending a
p-group P to the subgroup D(P) of D(P) generated by all the relative syzygies Qx
obtained for various P-sets X. In the case p # 2, it was shown in [3] that D = D%, so
D is a biset functor in this case. For p = 2, the biset functor structure on D’ cannot in
general be extended to the whole of D, because of Frobenius twists (also called Galois
twists) (see [6] or [3] for details).

The following additional notation was introduced in [9] : a class ) of p-groups is
said to be closed under taking subquotients if for any Y € ) and any section (T, S) of Y,
the corresponding subquotient T'/S belongs to Y. If ) is such a class, and P is a finite
p-group, denote by Y(P) the set of sections (T, S) of P such that T/S € ). One can
consider biset functors defined only on ), with values in abelian groups. Let Fy be the
category of all such functors, and let F denote the category of functors defined on all
finite p-groups. These categories are abelian categories.

The obvious forgetful functor

Oy :F—Fy
admits left and right adjoints
Ly:Fy—F and Ry:Fy—F,
whose evaluations can be computed as follows (cf. [9] Theorem 1.2 for details, in
particular on the direct and inverse limits appearing in this statement) :
3.1. Theorem. With the notation above, for any functor M € Fy, we have :

LyM(P)= lim  M(T/S) and RyM(P)= lim  M(T/S).
(1.5)€V(P) (1.5)eV(P)

Moreover (][9] Corollary 6.17), for any biset functor M and any p-group P, the unit
map
nu,p 2 M(P) — RyOy(P) = (h_m M(T/S)
(T,5)eV(P)
is given by
na,p(u)r.s = Defresi/su ,
for any u € M(P) and any (T,S5) € Y(P).



4. Image in subquotients of rank two

4.1. Lemma. Let X be a non-empty class of finite p-groups, closed under taking
subquotients. Let A be any abelian group, and denote by B the functor Homy, (B(—), A),
where B is the Burnside functor. Then the unit map

ﬂ:B@—VRX(’)XB

18 an isomorphism.
Proof. Indeed if P is a p-group, if ¢ € Homy (B(P)7 A), if (T, S) is a section of P and
X is a subgroup such that S < X < T, then

(Defresy, ) ((T/5)/(X/S)) = o(Indinf7, s(T/S)/(X/S)) = p(P/X) .

Suppose that ¢ € Ker 8. Since the class X is non empty and closed under taking
subquotients, then it contains the trivial group, and for any subgroup X of P, the
section (X, X) is in X' (P). It follows in particular that

0 = (Defresk, ) ((X/X)/(X/X)) = (P/X) .

Thus ¢ = 0, and ( is injective.
Conversely, let ¢ = (Yr,5)(1,5)ex(p) be an element of lim Homg (B(T/S),A).
X(P)
Equivalently, for each section (T',5) € X(P) and each subgroup X with S < X < T
we have an element ¢7,5((T/S)/(X/S)) of A, fulfilling the following two conditions :

i) Tt 2 € P, then $op =5 ((°T/ *8)/(*X/8)) = vz, ((T/S)/(X/5)).
it) If (T,S) € X(P) and (T",5") € X(P), and if X is a subgroup of P such that
§<8 <X <T' <T,then ¢r.s((T/S)/(X/S)) = b5 ((T"/5")/(X/S")).

Condition ) implies in particular that the element ¥ x x ((X/X)/(X/X)) is constant
on the conjugacy class of X in P. Hence we can define an element ¢ € Homgy, (B(P)7 A)
by setting
P(P/X) = xx ((X/X)/(X/X)) ,
for any subgroup X of P. Now if (T,5) € X(P) and if S< X <T
(Defresy s0)((T/S)/(X/S)) = ¢(P/X)=txx((X/X)/(X/X))
= (Defresy 3 tr.s) ((X/X)/(X/X))

= Yrg(Indinflf g ¢/ v (X/X)/(X/X))

= Jrs((T/8)/(X/9)) -
Thus Defresg/sgo = ¢Yr g for any (T,5) € X(P). Equivalently B(p) = ¥, so § is
surjective, hence it is an isomorphism. 0
4.2. Lemma. When p is odd, the map
€= H DefreSIT)/S : 2D(P) — lim  2D(T/S)
(T,S)eX3(P) (T,S)eXs3(P)

s an isomorphism.



Proof. Consider the short exact sequence of p-biset functors
0—-2D—-D—TFyD—0.

Applying the functor (h_m yields the bottom line of the following commutative diagram
X3(P)
with exact lines

(4.3) 0—>2D(P) D(P) FoD(P) —>0

0—— lim 2D— > lim D— > lim FyD
— — —
X3(P) X3(P) X3(P)

€

where the map § is an isomorphism, by Theorem 1.1 of [9]. Moreover, by Corollary 1.5
of [10], there is an exact sequence of p-biset functors

0 — BX - FyB* - F,D% -0,

where B* is the functor of units of the Burnside ring, which is isomorphic to the
constant functor I'g, for p odd. Moreover D = D in this case. Applying the functor
(h_m to this sequence yields the bottom line of the following commutative diagram
X3(P)

with exact lines

(4.4) 0 F, Fo B*(P) ——> FyD(P) —> 0
[ Jé3 vy

00— lim F]F,_,*> lim FQB*H lim ]FQD
— — —
X3(P) X3(P) X3(P)

Since Fy B* is naturally isomorphic to Homgy (B (=), ]FQ), the map S is an isomorphism,
by Lemma 4.1. Now the group <h_m I'r, is the set of sequences (ur,s)(r,s)exs(P)
X3(P)

fulfilling the two following conditions :

i) If (T,S) € X3(P) and = € P, then wep =5 = urg.

it) If (T,S) € X3(P) and (T",5") € X3(P) are such that S < S’ < T’ < T, then

ur,s = U3’ -

Applying this for the case T/ = S’ = S, and next for the case T = T" = §’, it follows
that ur s = us,s = up for any (T,S5) € X3(P). Thus upr = ugg if T/S € Xs.
Since X3 contains the cyclic group of order p, and since P is a p-group, it follows that
ur,r = u1,1 for any subgroup T' of P. Hence ur g is constant, and the map « is an
isomorphism.

Now the Snake’s Lemma, applied to Diagram 4.4, shows that the map = is injective.
And another application of this Lemma to Diagram 4.3 shows that the map ¢ is an
isomorphism. 0

Recall that if F is an elementary abelian group of rank 2, then 2D(F) is free of rank
one, generated by 2Qg ;. Thus if u € 2D(P), and if (T, 5) € é’g(P)7 then Defresg/su
is a multiple of 2Q7,5. The following theorem characterizes the sequences of integers
(’UT,S)(T syeet(py Which can be obtained that way from an element of 2D(P) :

) 2
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4.5. Theorem. Let P be a p-group (with p > 2). The map

Dp:2D(P)— ] =z
(T,S)€E5(P)

sending an element u € 2D(P) to the sequence Dp(u)r s of integers defined by
Defresg/s(u) =Dp(u)r,s - 2Q7/s ,

is injective, and its image is equal to the set of sequences (vT,s)(T s)eel(p) fulfilling the
) 2
following conditions :

1. If (T, S) € Eg(P) and x € P, then vp,g = Ve, 5.
2. If (T, S) and (T",S) are in EX(P), if T' < Np(T), and TT'/S = (Z/pZ)?, then

vr,s + E vrrr, X = V17,8 + E VT X -
S<X<T S<X<T

3. If (T, S) and (T",S) are in EX(P), if T' < Np(T), and TT'/S = X5, then

vr.s = v (mod p) .

Proof. Let u € Ker Dp. Then Defresg/su — 0 for any (T,S) € EX(P). Moreover
Defresg/su € 2D(Z/pZ) = {0} when (T,S5) is a section of P with T'/S = Z/pZ. The
detection theorem of Carlson and Thévenaz ([11] Theorem 13.1) shows that u = 0.
Hence Dp is injective.

Now Condition 1 of Theorem 4.5 holds obviously for the elements of the image of Dp.
To check that Conditions 2 and 3 also hold, suppose that (T, 5), (I",S) € E}(P), with
T' < Np(T) and |[TT’ : P| = p3, and observe that setting R = T'T", the diagram

Dp

D(P) —2 z
(T".5")EEL(P)
Defresy, ns
D(R/S) —2F~ I1 Z

(T7/8,5"/S)eEL(R/S)

is commutative, where 7 g is the projection map obtained by identifying sections
(T",8") of P such that S < S§” <T" < R with sections (7"/S,5"”/S) of R/S. This
shows that it is enough to suppose that the group P is either elementary abelian of
rank 3, or isomorphic to Xps. These special cases are detailed below.

To prove that conversely, Conditions 1, 2, and 3 characterize the image of Dp,
observe first that by Theorem 1.1 of [9], the map

H Defresi/sz D(P) — lim D(T/S)
(T,S) (T,S)

is an isomorphism, where 7T'/S runs through all sections of P which are either elementary
abelian p-groups of rank < 3 or extraspecial groups of order p® and exponent p.

11



Suppose that Theorem 4.5 is true when P is elementary abelian of rank at most 3,
or extraspecial of exponent p. Let P be an arbitrary p-group, and consider a sequence
v= (”T,S)@,S)egg(p) fulfilling the conditions of Theorem 4.5.

If (V,U) € X3(P), then the correspondence (1,S5) — (T'/U,S/U) is a one to one
correspondence between the set of elements (T, S) of EX(P) such that U < S <T <V,
and 5§(V/U). Through this bijection, the sequence of integers vy g, for U < S <T <V,
yields a sequence of integers fulfilling the conditions of Theorem 4.5 for the group V/U,
hence an element in the image of the map Dy,y. In other words, there is a unique
element wy,y € 2D(V/U) such that

Defresgng,y =vrs-207/g,

for all (T,5) € EX(P) with U < S<T < V.

Now the uniqueness of wy,y shows that w=y -y = “wy,y for any x € P, and that
Defresy;]U,wV’U = wy y whenever (V,U) and (V',U’) are in A3(P) and U < U’ <
V' < V. In other words, the sequence (wv,r7)(v,vyex,(p) is an element of lim 2D. By

X3(P)
Lemma 4.2, there exists an element ¢ € 2D(P) such that

wy,u = Defrese/Ut ,

for any (V,U) € X5(P). Then obviously Dp(t) = v, and v lies in the image of Dp, as
was to be shown.

So the only thing left to check is that Theorem 4.5 holds when P is elementary
abelian of rank at most 3, or isomorphic to X,s. This is a case by case verification,
using the following lemma, :

4.6. Lemma. Let P be a finite p-group, and X be a finite P-set.
1. If T/S is a section of P, then

Defresy ¢Qx = Qys ,

where X° denotes the set of fized points of S on X, viewed as a T/S-set.
2. If moreover (T, S) € E5(P), then

Defresys(2Qx) = (Y u(S,V))27s .

S<V<LT
XV#£p

In other words Dp(2Qx)7r.g = Z w(S, V).
s<v<T
XV#£0

Proof. Assertion 1 follows from Section 4 of [2]. For Assertion 2, note that by Asser-
tion 1 and Lemma 5.2.3 of [2], since T'/S is abelian,

Defresy s2Qx = > p(U,V)- 2070,
S<U<V<T
XV #£0
and that 2Qp,y = 0 in D(T/S) unless U = S. 0

12



Now there are four cases :
o If |P| < p, there is nothing to do, since the map Dp is an isomorphism {0} — {0}.

o If P = (Z/pZ)?, then 2D(P) = Z, and £5(P) = {(P,1)}. In this case, there is
no condition on the image of Dp, and Dp is an isomorphism Z — Z. So Theorem 4.5
holds in this case.

o If P = (Z/pZ)?, then EL(P) consists of p? +p+ 1 sections (P, R), for |R| = p, and
p? + p+ 1 sections (@, 1), for |Q| = p?. The group 2D(P) is a free abelian group, with
basis
{2Qp1} U{2Qp/r | |R| = p} .
The following arrays gives the values of the sequence v = Dp(u) for the element u in
its first column on the left :

I VPR | vQ.1
2051 0 1
20 0 fR#R 0 fR' <Q
PR 1 ifRR=R 1 ifR £Q
The image of the element u = my -2Qp/y + > mp -2Qp,p by the map Dp is equal
|R'|=p
to the sequence v = (vr,s), where
(47) Up,R = MR vQ,1 =M1 + Z mp
RZQ

If Q # Q' are subgroups of order p? of P, then QQ’ = P, and

vQ,1 + Z vpx =m1+ Z mx =vg1+ Z vpX ,

1<X<Q | X|=p 1<X<Q’

so Condition 2 of 4.5 holds for the sections (@, 1) and (Q’,1) of P. Since P is abelian,
Conditions 1 and 3 of 4.5 are obviously satisfied.
Conversely, suppose that Condition 2 hold for a sequence v = (vT_’S)(T S)eel ()"

This sequence is in the image of Dp if and only if there exist integers my, mp/, for
|R'| = p, such that 4.7 hold.
The first equation gives mr = vp r, and then the second one gives

mi1 =vQ1 — Z UP,R -
RL£Q

This is consistent if the right hand side does not depend on @Q, i.e. if for any subgroups
Q # Q' of order p? of P

Q1 — E UP,R = VQ'1 — E UP,R

R#£Q RZQ'
or equivalently
vgat D vPR=vga+ ) UPR-
R<Q R<Q’

This is precisely Condition 2 of 4.5 for the section (@, 1) and (@', 1), since QQ’' = P in
this case. Thus Theorem 4.5 holds for P 2 (Z/pZ)3.
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o If P = X, then EX(P) consists of the section (P, Z), where Z is the centre of P,
and of p+ 1 sections (@, 1), where @ is a subgroup of index p in P. The group D(P) is
equal to D}(P), since p # 2, so it is generated by the elements Qp /1, Qp, x, for [X| = p,
and Qp,q, for |Q| = p?, which have order 2 in D(P). Thus 2D(P) is generated by the
elements 2Qp/; and 2Qp,x, for | X| = p. The following array gives the values of the
sequence v = Dp(u) for the element w in its first column on the left, where R denotes
a non central subgroup of order p of P :

| vp.z | vQa
2051 || O 1
20p, | 1 0
1 HRZQ
2K/ |0 {l—p ifR<Q

The values in this table can be computed using Lemma 4.6 : for example

R6852QP/R = ( Z u(l, V))QQQ/]_ .

1<V<@Q
V<pR

If R £ @, then there is only one term in the summation, for V =1, and x(1,V) =11in
this case. And if R < @, then there are p additional terms, obtained for the p distinct
conjugates V of R in P, and p(1,V) = —1 for each of them. This gives the value 1 —p
in this case.
Now if u = my -2Qp;1 +mz-2Qp/z + > mp-2Qp/r (where the brackets around R
(R]

mean that R runs through a set of representatives of conjugacy classes of non central
subgroups of order p of P), then the sequence v = Dp(u) is given by :

(4.8) vpz =Mz vQ1 =m1 + Z mp+ (1 —p) Z MR,
[R]ZQ [R]<@Q

The second equation is equivalent to

(4.9) UQ,1=m1+ZmR—p Z mpg .
(R] [RI<Q

It follows that vg 1 = vgr,1 (mod p), for any subgroups @ and Q' of order p? in P. This

shows that Condition 3 of 4.5 holds for the sections (@, 1) and (@', 1) of P. Condition 2

is obviously satisfied in this case, since P has no subquotient isomorphic to (Z/pZ)3.
Suppose now conversely that a sequence v = (vr,s) (T,9)eel(P) is given, and that

Conditions 1 and 3 of 4.5 hold. Then v lies in the image of Dp if and only if there exist
integers my, myz, mg (invariant by P-conjugation), such that Equations 4.8 hold.
The first equation in 4.8 gives mz = vp z, and the second one gives

mlvaJJerR:p Z mpg .
(R] [R]<Q

All subgroups of order p of @) different from Z are conjugate in P. Denoting by Rg one
of them, this equation becomes

(4.10) my —vg,1 + ZmR = pmRg, -
[R)
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Summing this relation over @ yields
(p+1m1—Y vo1+(@+1)D> mr=pY mg,
Q@ (R] (R]

thus

ZmR:ZvQJ —(p+1)mq .
(R]

Q
Now 4.10 yields

PmRr, = Z vQ',1 —pma .
Q'#Q
By Condition 3, the sum Y wvgs1 is congruent to pvg 1 modulo p, i.e. to 0. Since
Q'#Q
Q = RqQZ, this gives finally

1
mR:*( Z er71)—m1.

LYy

Conversely, if this holds for any R, then equation 4.9 holds : indeed, in this case

Y mr=) vo1—(p+1)ma,
[R] Q

thus
ml—i—ZmR—p Z mr = ml—i-ZvQ’l—(p—i—l)ml—meQ
[R] [R]<Q Q
= ZUQ,l —pm1 — ( Z vgQr1) +pma
Q Q'#Q
= VQa1 -
Thus 4.9 holds, and Theorem 4.5 also, when P = X;s. 0

5. Proof of Theorem 2.15

Let P be a finite p-group. Clearly T'(P) is the kernel of rp, and Im rp < Ker hp,
by Proposition 2.14. So the only thing to show is that this inclusion is an equality.

Let u € Ker hp. It means that there exists a P-invariant function £ — mpg from
As2(P) to Z such that for any £ < F in A>s(P)

Wp,Fp = Mg — Mg ,
where the integer wg r is defined by the equality
wer-Qpn = ReshopResbu — ogResbu .
In other words

Resg(mp “Qp+ UFResII;u) =mg Qg1+ JEResgu .
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Set wg = mg-Qp/; —l—aEResgw for E € A>o(P). Then Resgwp = wg, forany £ < F
in A>9(P), and *(wg) = w=g for any z € P and E € A>(P). Moreover , for any
FE e AZQ(P)

rp(wg) = rgogReshu = Reshu

since rg(Q2g/1) = 0, and since o is a section of 7. It means that for any subgroup

Y#1of E

Defg/wa = Resg’;i(/y)/qu .

If (T,5) € Eg(P), define an integer vy g by
Np(S)/S o .

(5.1) RebeS (2us) = vr,s - 2075 ?f S#1

2wT = V71" 2QT/1 if S=1

This sequence of integers (’UTys)(T’ S)eel(P) satisfies some of the conditions of Theo-
rem 4.5. Indeed :

elfx e Pand (T,9) € 5§(P), then vep =g = vp g : this is because *(wg) = wepg
for any E € A>5(P), and because “(ug) = u=g for any subgroup @ # 1 of P. Thus
Condition 1 of Theorem 4.5 holds.

e Suppose that (T, S) and (17, 5) are elements of E(P) such that T < Np(T").
There are two cases to consider :

(a) If S # 1, then for any section (V,U) € ES(NP(S)/S)

vv,U - QV/U = ResgféU)/U@uU)

_ Np(S,U)/Ugn  Np(U)/U
= Resy ;; Resy s 0(2u)

Np(S,U)/U Np(S)/S
:Resvfé )/ DefresNigs?é)/U(QuS)

= Defresgflgs)/s@us) .

It follows that the sequence (,UV’U)(VU)GEn(N (S)/s) is equal to Dy, (s)/5(2us),
f > \Np

hence it is in the image of the map Dy (g)s. Thus if TT"/S = (Z/pZ)3, then
Condition 2 of Theorem 4.5 holds for the sections (7, .5) and (7”,.5) of Np(S)/S.
And if TT'/S = X3, then Condition 3 of Theorem 4.5 holds, for a similar reason.

(b) If S = 1, then set FF = TT'. If F = (Z/pZ)3, then consider a section (V,U) €
EXF). If U = 1, then
Defres‘};/UQwF = Res€2wp = 2wy = vy - 2Qy/1 -

And if U # 1, then

Defresg/UZwF = Resgngefg/UQwF

F/U
v/U

Np(U)/U

= Res F/U

Res 2uy

— ResgféU)/U%LU
= vy 20y -

It follows that the sequence (vV-,U)(VU)esg(F) is equal to Dp(2wp). In particular,
Condition 2 of Theorem 4.5 is fulfilled for the sections (7',1) and (7",1) of F.
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Hence the sequence (’UT)S>(T Syeel(p) fulfills all the conditions of Theorem 4.5, except
? 2

possibly Condition 3 for sections (7,1) and (7”,1) such that T < Np(T') and TT" =
Xps. This situation is handled by the following lemma :

5.2. Lemma. Let P be a finite p-group, and (vT_S)(T ) be a sequence of integers
: 3 4
such that :

1. Ifz € P and (T, S) € EX(P), then vep +5 = vr.g.
2. If (T,S) and (T",S) are in Ezﬁ(P), if T < Np(T") and if TT')S = (Z/pZ)3, then

vr,s + g vrT . X = V1,8 + g UTT! X -
S<X<T S<X<T

3. If S #1, if (T,S) and (T',S) are in EX(P), if T < Np(T") and if TT'/S = X5,
then
vr,s = vrr,s (mod p) .

Then :

(i) If T,T" € A—o(P), if T and T" are in the same connected component of A>2(P),
if T < Np(T") and TT' = X5, then vy 1 = vy 1 (mod p).

(ii) There exists a sequence of integers (yr)rea_,(p) such that

(o) If € P and T € A—3(P), then y=r = yr.
(b) If T, T' € A_o(P), if T < Np(T') and TT' = (Z/pZ)3, then yr = yr.
(c) If T,T' € A—o(P), if T < Np(T') and TT' = X5, then

yr +vr1 =y + v 1 (mod p) .

Proof. The proof of Assertion (i) goes by induction on |P|, starting with the case
where P is cyclic, where there is nothing to prove. Assume then that Hypotheses 1),
2), and 3) imply Assertion 1, for any p-group of order strictly smaller than |P|. Let
T and T’ be elementary abelian subgroups of rank 2 of P, such that T' < Np(T") and
TT' = X,s. Set X =TT’, and denote by Z the centre of X.

If there is a proper subgroup @ of P containing X, and such that T and 7’ are in
the same connected component of A>5(Q), then vy = vy 1 (mod p), by induction,
since Hypotheses 1), 2), and 3) obviously hold for @ is they hold for P. It is the case
in particular if A>2(Q) is connected.

Suppose that there exists a subgroup C of order p in Cp(X), not contained in X
(i.e. different from Z). Then the center 7" = C x Z of the subgroup Q = C x X
of P is not cyclic. Hence A>2(Q) is connected, and @ contains 7' and T”. Thus I can
suppose that Q = P, and then T" is equal to the centre of P. It is elementary abelian
of rank 2. Moreover TT" = (Z/pZ)3, since T and T" are elementary abelian of rank 2
and centralize each other, and since TNT” =T N X NT"” = Z. Hypothesis 2, applied
to the sections (7, 1) and (7”,1) of P yields

(53) Ura —Vrra = E vrT! F — E vTT" F -

1<F<T"” 1<F<LT

Now TT"” 4 Psince |P : TT"| =p,and T < P, since T < X and C' < Cp(X). Hence P
acts by conjugation on the set of subgroups F' such that 1 < F < T, and F = Z is the
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unique fixed point under this action. Now Hypothesis 1 implies that

Z vprr p = vrrr 7z (mod p)

1<F<T
and Equation 5.3 yields
(5.4) Ura —Vrra1 = Z vrT!r F (mod p) .
1<F<T"
F#Z

The same argument applies with 7" instead of T, so

(55) Urr1 — Uil = Z vrrT! F (mod p) .
1<F<T"
F#Z

Now if 1 < F < T" and F # Z, the group P/F has order p? and exponent p (since P
has exponent p), and it is non abelian (since ' £ [P,P] = Z). Hence P/F = Xs.
Since P = (TT")(T'T"), Hypothesis 3, applied to the sections (T'T", F) and (T'T", F)
yields vppr p = vprpr p (mod p). This shows that the right hand sides of 5.4 and 5.5 are
congruent modulo p. So are the left hand sides, thus vy 1 —vpr 1 = vy 1 —vpr 1 (mod p),
and vp 1 = vrr 1 (mod p).

Hence I can suppose that Z is the only subgroup of order p of Cp(X). In particular,
the centre of P is cyclic, and Z is the only subgroup of order p in this centre. Moreover,
since T' # T and T,T” are in the same connected component of Ass(P), the groups
T and T" are not maximal elementary abelian subgroups, thus P has p-rank at least
equal to 3, and T and T” are in the big component C of A>o(P).

In this case, there is a normal subgroup Ty of P which is elementary abelian of
rank 2, and Ty € C. Moreover Ty > Z.

If Ty £ X, then To N X = Z. Then [TpX| = p*, and |[TpX : X| = p. Thus
Ty normalizes X. Moreover, if Y is a subgroup of index p of X, then Y > Z, and
|ToY| = p?, thus |TyY : Y| = p, and T, normalizes Y. It follows that the image of Tj
in the group Out(X) of outer automorphisms of X, which is isomorphic to GL2(Fy), is
a p-subgroup stabilizing every line. So this image is trivial, and T acts on X by inner
automorphisms. Let t € Ty — X. Then there exists y € X such that y~1t € Cp(X).
In particular y~'t centralizes y, so t centralizes y, and then (y~'t)P = (y=1)Pt? = 1.
Moreover y # t, since t ¢ X. Hence y~ 't has order p. Since Z is the only subgroup of
order p of Cp(X), it follows that y~'t € Z, so t € X. This contradiction shows that
Ty < X.

Since the congruences vy = vp,1 (mod p) and vy 1 = vr,,1 (mod p) imply the
congruence vy = vyv1 (mod p), it is enough to suppose that Ty = T, thus T' < P.
Let F' be an elementary abelian subgroup of rank 3 of P containing 7" : such a subgroup
exists, since 7" is not a maximal element of A>2(P). Set T" = Cp(T). Then |F : T"|
divide p, since F/T" is a p-subgroup of Aut(T") = GLy(F,). Moreover F' £ Cp(T), since
F>T' Thus |F:T"|=p, and T" = (Z/pZ)?. Moreover T’ # T", since T" £ Cp(T),
thus FF =T'T".

Now F centralizes T, and normalizes T. Thus F normalizes TT' = X. Moreover
FNX =T, since 7' < FN X, and since F and X are distinct subgroups of order p3
of P, for F is abelian and X is not. Hence |F'X : F| = p, so F'X normalizes F'. Thus X
normalizes F, and X also normalizes C'p(T) since T' < P. It follows that X normalizes
FNCp(T)=Cr(T)=T". Obviously X also normalizes its subgroup T".
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Hypothesis 2, applied to the sections (77,1) and (T",1) of P, yields

(56) Urr1 — V1 = E vy — E vrrTry -

1<Yy<T” 1<y <T”

Since X normalizes T’ and T", and since any subgroup of order p normalized by X is
centralized by X, Hypothesis 1 yields

E vy = E vprpry (mod p) .

1<y <T" 1<y <T”
Y<Cp(X)

But 7" NCp(X) = Z, since Z < T" N Cp(X), and since Z is the only subgroup of
order p of Cp(X). Thus

(5.7) Z vrrTry =0T Z (mod p) .
1<y <T”

The same argument, applied with 7" instead of 7", since T N Cp(X) = Z, yields

(5.8) Z vy = VTITr . Z (mod p) .
1<y <T’

Now it follows from 5.6, 5.7 and 5.8 that vyv 1 — vy 1 =0 (mod p), i.e.
(5.9) v 1 = vprp (mod p) .

Now the group TT" is also elementary abelian of rank 3 : indeed, the group T"” cen-
tralizes T, and T" NT = Z since T"NT > Z and T” # T for T £ F < Cp(T”). Then
Hypothesis 2, for the sections (T, 1) and (T",1), yields

(510) ’UT’]_ — 'UT//’]_ = E UTT”,Y — E vTT”,Y .

1<y <T” 1<Y<T

The group X normalizes T and T”, and TN Cp(X) = Z = T” N Cp(X). The same
argument as above yields

(5.11) v = vpeq (mod p) .

Thus vy 1 = vy 1 (mod p), by 5.9 and 5.11, and this completes the proof of Assertion (7).

For Assertion 2, there is nothing to do if P has no normal subgroup Ty 2 (Z/pZ)?,
since then P is cyclic, and A>o(P) = 0. If P is not cyclic, fix such a normal subgroup
Ty of P, and denote by C the connected component of T in A>o(P). Thus C is the
big component if P has p-rank at least 3, and C = {Ty} otherwise. Define the sequence
(yr)reas(p) by

B 0 if T ec

yr = { vr,,1 — Ur,1 otherwise

This sequence obviously fulfills Condition (a) of Lemma 5.2, by Hypothesis 1, and
since C is invariant by P-conjugation. Now it T,T" € A_s(P), if T < Np(T') and
TT' = (Z/pZ)?, it follows that P has p-rank at least 3, that C is the big component,
and that T, 7" € C. Thus yr = yr» = 0, so Condition (b) of Lemma 5.2 holds. Finally,
if T,7" € A—o(P), if T < Np(T') and TT' = X3, then there are three cases :
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e if T and 7" are in C, then yp = yp» = 0, thus yr + vpr1 = vr 1, and yp + v 1 =
vrr 1. But vp 1 = vpr 1 (mod p) in this case, by Assertion 1. Thus Condition (c)
holds in this case.

o if '€ Cand T ¢ C, then yr + vr1 = vr1, and ypr + v 1 = vp,,1. But now T'
and Ty are both in C, so vy 1 = vr,,1 (mod p) in this case, by Assertion 1. Thus
Condition (c¢) holds in this case also. The case T ¢ C and T" € C is similar.

o if ' ¢ Cand T ¢ C, then yr + vr1 = vry,,1 = Y1 + vr7.1, so Condition (c) holds
in this case also.

This completes the proof of Lemma 5.2. 0

End of the proof of Theorem 2.15 : In the beginning of the proof of Theorem 2.15,
I started with an element v € lim  D(Np(Q)/Q) such that hp(u) = 0. From this
1<Q<P
data, in 5.1, I built a sequence of integers (’UT’S)(T S)egl(P) fulfilling Hypothesis 1, 2
s 2

and 3 of Lemma 5.2. Let (y7)rea_,(p) denote the sequence of integers provided by this

lemma, and define a new sequence of integers (v/. S)(T ) by
’ ’ 2
o — vrs ifS#1
s yr +vrs if S=1

Then this sequence fulfills Conditions 1, 2, and 3 of Theorem 4.5 : indeed, the new
sequence is clearly invariant by conjugation, so Condition 1 is fulfilled. Conditions 2
and 3 for sections (T, S) and (T”,S) with S # 1 are obviously fulfilled, since they are
for the sequence (vr,s), and since vr,s = vy g when S # 1.

Now if T,T" € A—o(P), if T < Np(T’) and TT' = (Z/pZ)3, then T and T’ are in
the same connected component of A>o(P), and yr = y7+. Thus

! !
vr1+ E Uy = Y17 +ura + E vrT Y

1<Y<T 1<Y<T
=y +vr1+ Z VTT!Y
1<Y <T"
= vp g+ Z Py
1<y <T”

so Condition 2 is fulfilled.
Finally if T, 7" € A—y(P), if T < Np(T") and TT" = X5, then

U/T,l =yr +vra = yr + 1 (mod p)

hence Condition 3 is fulfilled, since yr + vy 1 = v 4.
By Theorem 4.5, there exists n € D(P) such that Dp(2n) = (v 5). In other words,
for any (T, 5) € E(P)
Defresg/s(2n) =vp g 2Q7/s -
Thus if S #1

Defresg/S(Qn) =ovrs- 2079 = Resgfs(s)/s@uS) .
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Set tg = Defresﬁp(s)/s(Qn) — 2ug. Now for any (V,U) € &} (Np(S)/S)

DefresNP(S)/S(ts) = Defresg/U 2n DefresNP(S)/S(2u )

v/U (2n) = v/U
= Defres‘F/)/U(Zn) Res gfés DU Detr SNng)éf/U(QUS)
Np(S,U)/Up  Np(U)/U
= Defres‘lj/U(Qn) Res Vfé UR SNiES,)(j)/U(2 U)
= Defresg/U(Qn) ReSg;}EU)/U(2’U,U) =0.

It follows that tg is a torsion element of D(Np(S)/S), which is also in 2D (Np(S)/S).
Since the latter is torsion free, it follows that tg = 0, i.e. that 2ug = Defresﬁp(s)/s@n)7
for any S # 1. Equivalently 2u = rp(2n), or 2(u — rp(n)) = 0.

Now u —rp(n) is an element of lIm  Diors (NP(Q)/Q). By Proposition 5.5 of [7],

1<Q<P
there exists an element m € D(P) such that rp(m) = u — rp(n). It follows that
u=rp(m+n), as was to be shown. This completes the proof of Theorem 2.15. 0

6. Example : the group X,s

Let P be an extraspecial group of order p® and exponent p. The centre Z of P
is cyclic of order p, and it is equal to the Frattini subgroup of P. The commutator
P x P — Z induces a non degenerate symplectic F,-valued scalar product on the factor
group E = P/Z = (F,)*, and the map Q — Q/Z is a poset isomorphism from the poset
of elementary abelian subgroups of P strictly containing Z to the poset £ of non zero

4
totally isotropic subspaces of E. There are e = ];) __11 isotropic lines in F, and the

same number of totally isotropic 2-dimensional subspaces. It follows that |£| is equal
to 2e.
There is a commutative diagram

D(P/Z) —2%—lim D(P/Q)

o

Q=7
DefZ/ZT Tﬂ'
0—T(P) D(P) —"" lim D(Np(Q)/Q)"2> H'(Asy(P),2) "
1<Q<P

In this diagram, the group lim D(P/Q) is the group of sequences (ug)z<g<p, where
Q>Z
ug € D(P/Q) (note that Q < P if @ > Z), such that

YR > Q> Z, Defy2uq = un ,

and the map w is the projection map on the components () > Z. The map d is the
product of the deflation maps DefP Q) for Q > Z. It is an isomorphism, since the

sequence (uq)q>z, where ug € D(P/Q), is in the group lim D(P/Q) if and only if
Q>Z

uQ = Defﬁféuz for any @ > Z.
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The kernel of the map Defh /7 1s the set of faithful elements of D(P), and it was
denoted by dD(P) in [5]. It was shown in that paper (Theorem 9.1) that

OD(P) = 7** © 7)27 .

The kernel of 7 consists of the sequences (ug)1<g<p in lim D(Np(Q)/Q) for which
1<Q<P
ug =0if Q > Z. It was shown in [5] that this is also the group  lim 0D (Np(Q)/Q).

1<Q<P
QnZ=1
All these facts show that there is an exact sequence

(6.1) 0— T(P) — dD(P) "% lim ID(Np(Q)/Q) % H' (Asa(P),Z)'"”
1<Q<P
QNZ=1
where r7p and hp are the restrictions of the previously defined maps with the same
names to the corresponding subgroups.

If @ is a subgroup of P such that @ N Z = 1, then @ is elementary abelian of
rank at most 2 (see [5] for details). If @ has order p, then Np(Q)/Q = X3, thus
OD(Np(Q)/Q) = ZPT @ Z/2Z ([5] Theorem 9.1 or Section 11). If @ has order p?, then
Np(Q)/Q = Z/pZ, thus D (Np(Q)/Q) = Z/2Z.

It follows easily that the group —lim 0D (Np(Q)/Q) has free rank at least equal

1<Q<P
Qnz=1

to e(p + 1), since it contains the group @ 20D (Np(Q)/Q).
IQ|=p
Q#Z
Now the group T'(P) is free of rank one, generated by Qp/,, by Corollary 1.3 of [11],
and the group H'! (AZQ(P),Z)(P) is isomorphic to H'(€,Z). An easy computation,
using e.g. Section 6 of [5], shows that this group is free of rank p*.
Now the free rank of the image of hp in the exact sequence 6.1 is at least equal to

1—2e+e(p+l)=1+e(lp—1)=p*,

and since this is equal to the free rank of H*(A>(P),Z) (P), it follows that the free rank

of the image of hp is actually equal to p*, and that the free rank of lim oD (Np (Q)/Q)
1<Q<P
QnZ=1
is equal to e(p + 1).
Moreover the map hp has finite cokernel, and this shows that in this case, the gluing
problem does not always have a solution.

6.2. Remark: In this case, a precise description of the map hp shows that its cokernel
is a non trivial finite p-group.

6.3. Aknowledgements: I wish to thank Nadia Mazza and Jacques Thévenaz for
careful reading of an early version of this paper, and for many suggestions, comments,
and stimulating discussions about it.
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